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PREFACE. 



'PHE acknowledged want of a text-book on the subject'of 
Trilinear Co-ordinates, adapted to the use of students 
for honours in the Mathematical Schools, has led to the 
publication of the present volume. 

It has been found necessary, with a view to rendering 
the elementary portion of the work as complete as possible, 
to exclude the consideration of equations of an order higher 
than the second. For the same reason, problems relating 
to the focal properties of conic sections have not been dis- 
cussed ; but the Author does not regret that the limits of 
the work have compelled him to pass over investigations 
of a' class in which little or nothing is gained by the em- 
ployment of the trilinear method. 

The introduction of matter belonging more properly to 
the department of Pure Geometry, as also any reference 
to other systems of co-ordinates, has been as far as possible 
avoided; except, perhaps, in the fifth Chapter, where the 
importance of the subjects treated and the want of a succinct 
yet tolerably complete account of them seemed to warrant 
the digression. 

Besides an acquaintance with the principles of the Dif- 
ferential Calculus, such as a student who is about to enter 
upon this branch of Modem Geometry is sure to possess, 
the reader is supposed to have some knowledge of the Theory 
of Determinants. 
^The Author feels it right to state that tlie -^'^^^'t's. ^^ 



IV PREFACE. 

TriKnear Co-ordinates communicated by Mr. Allen Whit- 
worth, of St. John's College, Cambridge, in the first numbers 
of the " Messenger of Mathematics" did not come under his 
notice until the earlier portion of this treatise was written. 
The results now published were arrived at independently, 
the perusal of the papers referred to having led only to the 
insertion of Art. 152. 

In writing Chap. V. the Author has derived much assist- 
ance from Mr. Townsend*s " Modern Geometry" and from 
a work by M. Housel entitled Introduction d la Giomitrie 
SupMeure. To books which are so well known as Dr. 
Salmon's " Conic Sections" and Mr. Ferrers' " Trilinear 
Co-ordinates" it is difficult to say to what extent he is 
indebted. 

In conclusion, the Author would take the present oppor- 
tunity of expressing his sincere thanks to Mr. J. D. Daven- 
port, Fellow of Brasenose College, for his kindness in re- 
vising a great portion of the manuscript for the press, as 
well as for many valuable suggestions, and to other friends 
for any assistance they may have rendered. 

ExETEB College, Oxtged, 
December 4, 1865. 
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A. 

To shew that if - = - = - ; then 

z y % 

a_/3_y__/a + mfi + fly 
X y z lx-\' my + nz 

Let each of the given fractions = X ; we shall have 

a =■ XiP, 

/3 = Xy, (i) 

y =:Xz; 

and, multiplying these equations by I, m, », respectively, and 
adding, we get 

la + mp + wy = \lx + Xmy + \nz 

= X(/^ + ^y + ^*2) ; 

whence, ° = ^ = Z = x = ^±^^^±^. 
a; y z /ip + my + »z 

Examples of the theorem here proved occur in Arts. 20, 23, 25, 
31, 34, 54, etc. 

B. 

To shew that if - = - = -?-. ^^^ 

•^ X y %^ 



a __ jS _ y _ /?/Sy + mya + Wa^H 

^ y 2 \lyz + //iz^r + nxyj 
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Multiplying equations (i) two and two together, we get 

ya = \^ZX, (ii) 

a3 = X V ; 

and multiplying these by I, m, n, respectively, and adding, we have 

Ifiy + mya + wa/S = X^/yz + X^mzx + \^nxy 

= >f{lyz + wza? + nxy). 
Therefore 

a__i3__y___ /?^y + mya + »a3\i 



X y z \hjz 



+ wz^ + w:ry; 



The reader will find instances of the application of this theorem 
in Arts. 40, 45, etc. 

0. 

To shew that if - = -= Z ; then 

X y z 

X y z \la^ + my'^ + wz^/ 

Squaring equations (i), we have 

«2 = \^x\ 

p' = xv^ (iii) 

and multiplying these respectively by I, m, n, and adding, we get 
la' + mfi"^ + V = X'/^' + X^wzy^ ^ x^wz^ 

= X^?^ + »iy' + nz"). 
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Hence, 



^ 



X y % 



}o^ + m^ + V> 



This theorem is employed in Art. 45. 



xvu 



D. 



The discriminant of the quadric 



A<? + Bf? + Cy' + 2i)i3y + 2^ya + 2 JPa)3 

[denoted hereafter by ^(a, jS, y),] or the condition that it should 
be resolvable into linear factors, is obtained (Art. 147) by the 
elimination of a, /3, y between the equations 

©=»• (t)=»' (?)=»' 



i.e. : between 



i^a + ^/3 + i)y = 0, 



It is, therefore, 



j; 5, 2) 

JE, D, C 



0. 



(iv) 



The determinant which forms the left-hand member of equation 
(iv) occurs frequently in the course of the present work. It is 
convenient, therefore, ^o have some abbreviation for it. We 
shall denote it by A, and wherever this symbol is employed (see 
Arts. 138, 144, 146, 162, etc.) the above meaning is to be 
attached to it. 

The abbreviation {A^B, C) in which only the diagonal consti- 
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tuents are given is sometimes (Art. 167) used to represent the 
same determinant. 

The first minors of this determinant [viz. the determinants, with 
proper signs, which we obtain by cancelling successively the 
column and row to which the several constituents A, By C, D, JE^ F 
are common], are also of frequent occurrence : these, therefore, it 
will be convenient to denote by A', B\ C\ I/^ jE", F\ respectively ; 
so that 



B, 


B 


B, 


C 


A, 


¥. 


E, 


C 


A, 


E 


F, 


1 

B 



= BC-IJ^ = A\ - 



= CA-E^ = By 



= AB-F'= C\ - 



A, 


F, 


F, 


B 


F 


B 


E, 


B 


F 


B 


E, 


C 



-FF-AD = iy, 



= FI)- BE = E\ 



= BE- CF = F\ 



The value of A may be expressed in terms of these minors as 
follows : — 

A = AA' + FF' + EE\ 

A = FF' + BB' + BB, 

A = EE + BB' + CC\ 
An instance of the use of this notation will be seen in Art. 138, 
If a determinant be of the form 



02 + 4» ^2 + ^2» <^2 + ^2 
^3 + ^3» ^3 + ^3> H + ^3 



or (flpi + 7i, ^2 + ^2> ^3 + ^s)? ^ach constituent being the sum of 
two others, the determinant is equal to the sum of all the deter- 
minants which can be formed by taking for each column one of 
the partial columns of the corresponding column of the original 
determinant ; that is to say, 
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XIX 



(^l + ^1, h + »*2» ^3 + %) = («^1 h C3) + (tfi 7^2 (?3) + («i Jj ^a) 

+ (^1 »?2 W3) +{h h C3) + {K ma ^a) 
An application of this property will be found in Art. 167. 



The bordered determinant 



E, 



A F, E, 


I 


F.B, 


i>. 


m 


F,D, 


c. 


n 


I, m, 


w. 






or, 



0, /, w, n 

/, A, F, U 

m, F, B. B 

w, E, B, C 



will be denoted by 'A"*. 



It becomes, on expansion, 



that is, 



- / 



ly m, n 




E,B,B 


+ m 


F,B, C 





- 1 



hF, E 




m, B, B 


+ m 


n,B, C 





/, m, n 
A,F,E 
E,B, C 



— n 



I, m, n 

A,F,E\, 



hA, E 




I. A. F 


m, F, B 


— n 


m, F, B 


», K C 




n,E,B 



or, 



B.B 
B,C 



P- 



E, C 
A,E 



m'- 



A,F 
F,B 



n^-2 



A.F 

E,B 



mn — etc. 



or, if we employ the notation explained in {B), 



- {A'P + B'm^ + G'n^ + "IBfmn + lE'nl + 2Flm), 



XX 
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The expression within the brackets, from its similarity in form to 
the quadric ^(a, /S, y), will be denoted by (f)(l, m, n)' ; we shall 
have, therefore. 



A, F, H, I 

F, B, B, m 

F, B, C, n 

I, m, n, 



It 



— (fi{l, m, n)'. 



F. 

If (f){a, /3, y) represent tlie general quadric , as in section (i)) of 
this chapter ; then 

(g>.+(S>.+e)-(g)"+(|)^+f^v 



\drfj 



For, 



Jf{Fa + 5/3 + i)y)/3. 
+ {Ea + D/S + Cy)y„ 

+ (F«, + i?A + 2)yO/3 
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CHAPTER I. 

EXPLANATION OF THE METHOD. THE STRAIGHT LINE. 

1. The position of a point in Trilinear Co-ordinates is given by 
means of its perpendicular distances from three fixed straight lines 
which do not meet in a point. In accordance with the usual Tri- 
gonometrical notation, Ay B, C are employed to denote the angles 
of this triangle of reference, and a, h, c the sides which respectively 
subtend them ; the area of the triangle being represented by S, 

The perpendicular distances of any point from the three sides 
are called the co-ordinates of the point, and are denoted by the 
Gieek letters a, 3, y; and the point itself, for the sake of brevity, 

by (a, ft y). Thus (^, 0, o), (^0, ^, o), ^0, 0, ^), and ^0, 
-sin (7, -sin ^ J, (-sin C, 0, -sin-4 j, [ -sin^, -sin^, Oj, repre- 
sent respectively the three vertices of the triangle of reference, 
and the middle points of the opposite sides. 

2. It is necessary, as in the Cartesian system, to lay down some 
rule for the interpretation of signs ; the position of a point depend- 
ing upon the sign, no less than upon the numerical value of its 
co-ordinates. The direction of a perpendicular is indicated by the 
one, as its absolute length is by the other. Thus, a and —a refer 
to points which are equidistant from the side BC, but which lie 
on opposite sides of that line. 

It is customary to regard the a- co-ordinate of any point P as 
positive or negative^ according as the vertex A and the point P lie 

B 
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A. 

To shew that if - = - = ?-; then 

z y % 

a ^ y /a+ mfi + «y 

X y z lx'\- my + n% 

Let each of the given fractions = X ; we shall have 

a = X^, 

^ = xy, (i) 

y = Xz; 

and, multiplying these equations by Z, m, », respectively, and 
adding, we get 

la + m^ + wy = X/^ + \my + X»z 

= X(Za: + my + wz) ; 

whence, ^ = ^ = Z = x = ^+^5^+^. 
X y % Ix^ my + wz 

Examples of the theorem here proved occur in Arts. 20, 23, 25, 
31, 34, 54, etc. 

B. 

To shew that if - = - = -?-; tJiefi 

X y %^ 






4 TRILINEAR CO-ORDINATES. 

of points which lie on such a line. In the same way j3= a con- 
stant, y= a constant, represent straight lines parallel to CA,AB 
respectively". 

(iii.) The equation /3— y = 0, or j3 = y, is true only for points 
which are equidistant from CA, ABy the perpendiculars upon 
those sides being either both positive or both negative ; whereas 
^ + y = is the equation of the locus of points whose distances 
from the same two sides are equal but of opposite sign. Hence 
/3— y:=0, /3 + y=:0 are respectively the equations of the in- 
ternal and external bisectors of the angle at A ; and the equa- 
tion /3^— y^ = represents this pair of bisectors. 
Similarly y^—c? = 0, c?—^^ = represent the internal and ex- 
ternal bisectors of the angles at B and C, 

(iv.) jSy— a' = is the equation of the locus of points such 
that the squares of their perpendicular distances from one of 
the sides of the triangle of reference are equal to the pro- 
ducts of their distances from the other two sides. The nature 
of this locus will be determined hereafter (Art. 216. (i2).). 

7. On the general equation of a straight line. 

Let BQR be any straight line, passing through the fixed point 

Pig. 2. 




-^(ooj i^o, yo), and making with the sides of the triangle of reference 
the acute angles B, (fi, ifr. 
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Take F{a, p, y) any other point on the line and let the perpen- 
diculars a, oq be drawn. Then, if r be the distance between the 
two points, we shall have 

= r sin ^, 
and, therefore, 

a — oo = — r sin ^. 

In the same way, we get 

/3 — i3o = rsin^, 
y — yo = r sin i(r. 

Hence, 

« — «o __ ^ — ^0 _ y — yo 



siu 6 sin <j} sin yjr 



+ r (2) 



is the equation of the straight line in terms of the co-ordinates of 
a fixed point on it, and'the acute angles which it makes with the sides 
of the triangle of reference. 

The lower sign must be taken with r if (a, ft y) be on the other 
side of E, as at F'. 

8. It will be observed that the denominators of (2) have not all 
the same sign : the reader will do well to remember the following 
rule with respect to them. 

One of the segments QR^ EP, PQ of the line always subtends 
(as does QE in the above figure) the supplement of the correspond- 
ing vertical angle, instead of the angle itself; and it will be found 
that in all cases those members of the equation have their deno- 
minators of the same sign which correspond to segments that are 
in this respect similar. 

Thus the lines marked (1), (2) in the annexed figure have their 
equations respectively of the forms 

a — oq _ ff — ^0 _ y — yo 



and 



sin 6 — sin </> sin yft 

g — qp ^ P — Po _^ y — yp 

sin B sin ^ —sin ^ 
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Kg. 3. 




"We have given this form of the equation of the right line, be- 
cause, owing to the simplicity of the angles involved, it is more 
easily written down in particular cases than the form which we 
now proceed to give, and which, on account of its greater sym- 
metry, we shall hereafter employ. 

9. Let U, Fj as before, be the points (oq, jSq, y©), (a, jS, y) respec- 
tively, and EFz=. r. 

Fig. 4. 

C 




Let a^ Iq, Cq be the angles which the line FF makes with the 
lerpendiculars from any internal point, as (oq, /Sq* yo) ; the angles 
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being measured in one and the same direction (namely in that in 
which we pass from oq to ft» froi^ Po to yoj and from yo to oq), as 
indicated by the dotted lines in the figure. 
We shall then have 

sin 6 = cos Oq, sin <^ = cos(ii — n) = — cos ij, sin yjr = — cos Ci ; 

and the equation of the last Article becomes, on changing the sign 
of the whole 

±ZL^ = i^ = JLZys. = ^r, (3) 

COS fl?o cos Oq cos ^0 ~ ^ 

which is therefore the equation of the straight line in terms of the 
co-ordinates of a fixed point on it and what we shall in future call 
the direction-cosines of the line. 

These direction-cosines we shall occasionally denote by X, /n, v, 
and the straight line itself by (X, fi, v), or by (cos «o> cos ^o> cos Cq). 

10. The student would do well, by employing a variety of 
figures, to satisfy himself that the forms of the equation given in 
the preceding Articles hold in all cases, whatever be the position 
chosen for the line itself, or for the points (oq, ft>yo)> («» ^» y)* 

11. To shew that the equation of the right line may he written in 
the form 

la + mfi + wy = 0. 

Let the direction-cosines of the right line be X, fi, i/ ; and its 

equations 

a — ao ___ — ^0 _ y — yo 
X fi V 

From these we get 

fiy — v^ = yol^ — A"* 

wx — Xy = OflV — yoX, 
which give 

(yoX — aov)(^y — vfi) = (yo/i — ^o»')(^y — »'«) J 

whence, multiplying out, dividing by v, and arranging the terms, 
we get 

OoJ' — yo/*) a + (yo^ — oo") P + («o/^ — ^0^) y = 0> 
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or 



/i, V 



a + 



To* «o 



/3 + 



X, fi 



7 = 0, 



(4) 



an equation of the required form. It may be written in the form 

of a determinant; thus : 

a, Pi y 

oo* ^o» To = 0. (5) 

X, /*, 1/ 

12. To shew conversely that every eqtiation of the form 

la+ mp + ny =^ 
represents a straight line. 

Take any point (oo, /3o» To) as pole, and let the equations of the 
radius vector from it to any point (a, ^, y) on the locus of the 
equation 

^ + WiS + wy = 



be 



g r- qp __ P — Po _ y — yo _ 
X /i 1/ * 



(6) 

(7) 



We have from (7) 

a = Oo + Xr, 

/3 = ^0 + M^, 

y = yo + "^ ; 

and, substituting these values of o, /3, y in (6), we get 

{l\ + mfi-\- nv)r + (Zoo + wft + wyo) = 0, 

which can give only one value of r for each separate value of 

(oo. ft» yo)» or 0^ (X, fi, v). 

Hence, no straight line can meet the locus in more than one 
point; the locus of (6) is therefore a straight line*. 

13. Polar form of the general equation of the second degree. 

The method of the preceding Article may be applied to the 
general equation of the second degree, 

<^(a, iS, y) = Ac? + ^/S^ + Cy^ + 2I)py + 2Eya + 2FaP = 0. 

• It will be observed, moreover, that if {a^ /3q, yo) be taken on the locus, 
since in that case ZoQ + w/3Q + n7Q=0, r will always = 0, except when /A + m/x 
■\-nv=0 also, (which, as will shortly be seen, is the condition that the radius 
vector should coincide in direction with the locus), and then it is indeter- 
minate. 
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Tor putting, as before, 

a = oo + Xr, 

p = iSo + M^ 
•y = yo + ^n 

we get, by Taylor's Theorem, 

+ i^.l(aW (©'•+© -^K^a;)" 

KdyodooJ Kdaod^Q/ ) 

or, since 

(8) 
which is the polar form of the general equation of the second 
degree ; (qq, fti To) heing the pole, and X, n, v, the direction-cosines 
of the radius vector. 

14. As it will be necessary sometimes to distinguish between 
the two forms of the equation of the straight line which have been 
investigated in Arts. 8 — 11, we propose to call the former the 
symmetrical and the latter the homogeneous form. The latter form 
will be denoted by (/, w, n) = 0, or simply by (l,m^n) ; the former, 
as has been already stated, by (X, fi, v) or (cos^j, cos i, cose). 
Examples will be found at the end of the work which will fami- 
liarize the reader with the method of forming the symmetrical 
equations of a right line in particular cases. 

15. To construct geometrically the straight line tchose equation is 

given in the homogeneous form. 

Suppose the given equation to be 

/a -1- w/3 -f wy = 0, 
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and, in order to find the co-ordinates of the points P, Q, jR, (see 
^g. Art. 7) in which the locus intersects the sides of the triangle 
of reference, make a = 0, iS = 0, y = 0, successively. We get 
(Prelim, chap. (-4).), for F, Q and jK respectively 



n 




a _ /3 
— w 


_ y _ 2iS 
/ cl—an^ 


iS 


_ y _ 2S 



m —I am—hi 

Hence these points may be obtained geometrically by drawing 
parallels to the sides of the triangle of reference at distances 
determined by the preceding equations. And, when any two of 
the three points P, Q, jR, are found, the position of the straight 
line is known. 

16. If a straight line pass through the intersection of two othei- 
straight lines whose equations are 

lia + mjjS + Wiy = 0, 

Zja + WjjiS + Wjy = 0, 

its equation will be of the form 

(lia + WjiS + Wjy) — k{l^ + WajS + n^y) = 0, 

k being an arbitrary constant. 

For the equation (Zi, Wj, »i) — k{l2, ^2, nj) = (Art. 12) must re- 
present some straight line ; also, it is satisfied by those values of 
a, /3, y, which satisfy the equations (^, Wi, Wj) = 0, (4, ^2* ^2) = 0, 
simultaneously. It therefore represents a straight line which passes 
through the point of intersection of the lines (/i,»ii,Wi), (/2»W2»W2). 

17. Jf the equations of three straight lines (/i, mi, Wj), (4, ^2* ^3), 
(4, ^3, W3) be such that the sum of the left-hand members, when multi- 
plied each by some constant, vanishes identically, these three straight 
lines meet in a point. 

For suppose L^, Zg, Z3 to be certain multipliers, such that 

Zi(4a+Wi/3+Wiy)-l-Z2(/2a+W2i3+W2y)+Z3(4a+W3i3+W3y) = 0. 

Then it is manifest that the co-ordinates of the intersection of any 
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two of the three straight lines (since they satisfy simultaneously 
the equations of that pair of straight lines,) will, by virtue of this 
relation, also satisfy the equation of the third. 

Hence any one of the three given straight lines passes through 
the intersection of the other two. 

18. In the following examples the given triangle is taken as the 
triangle of reference, so that the equations of its sides are a = 0, 

19. To find the equations of the bisectors of the angles of a triangle ^ 
and to shew that they meet in a point. 

The straight line which bisects the Z.A of the triangle ABC 
may be regarded as the locus of points which are equidistant from 
the two sides CA (j8 = 0), AB(y = 0) ; its equation, therefore, will 
be ^ =: y, or 

Similarly, y — a = 0, (9) 

a - /3 = 0, 

are the equations of the bisectors of the angles £ and C respect- 
ively. 

Also, since the left-hand members of (9), when added together, 
are identically equal to zero, the condition of Art. 17 is satisfied, 
and the three bisectors meet in a point. 

20. If (qq, Poi To) ^6 the co-ordinates of this point, we shall have, 

by equations (9) 

28 
oo = /3o = ro = ^ . ^ . ^ > (Prelim, chap. {A),\ 

_8_ 
s 

2s being the perimeter of the triangle. 



(10) 



21. By Art. 16, the equation of a straight line which passes 
through the vertex A of the triangle of reference must be of the 
form 

P + hy^O; 
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for it passes through the intersection of the lines whose equations 
are /3 = 0, y = 0. This is otherwise evident, since its equation 

must be satisfied by the co-ordinates o£ aA — > 0, j. 

Similarly, straight lines through £ and C will be represented by 
equations of the forms 

y + ^ = 0, 

a + ^ = 0, 
respectively. 

22. To find the equations of the bisectors of sides of the triangle 
ABCy and to shew that they meet in a point. 

Let B be the middle point of BC. The equation of AB, since 

Fig. 5. 




it passes through the intersection of /S = 0, y = 0, must (Art. 21) 
be of the form 

/3~^ = 0. (11) 

( f. a , a \ 
Also, since D, I 0,- sin (7,^ sin ^1 is a point on the line, we have 

from (11) 

sin C — k sin B = 0, 

and therefore k = -;; — ^, and, substituting this value for X* in (11), 



EXAMPLES. 



13 



we get for the equation of AB 

sin 5 ^ — sin (7y = 0. 

Similarly, we find sin Cy — sin^ a = 0, (12) 

and sin ^ a — sin j5 3 = 0, 

for those of the other bisectors. 

Also, since the sum of the left-hand members of these equations 
= identically, the three bisectors of the sides of a triangle meet 
in a point. (Art. 17.) 

23. This point, which we shall denote by (qq, /Sq, yo)* is evidently 
such that its co-ordinates satisfy the relations 



or 

whence, since 



sin Aa^ = sin B^q = sin (7yo» 

«ao + */3o + ^0 = 2/S(Art. 3), 

2^ 



(13) 



(14) 



24. To find the equations of the perpendiculars let fall from the 
vertices of the triangle ABC upon the opposite sideSy and to shew that 
they meet in a point. 

Pig. 6. 



■/ 


N./^ 




X "^^ 


o / 


,N. o 


4/ 


/ \ 


/■•. 


/ X. 


/ "^^ 


^v 


/ ^» 


X 



B 



Ot = o 



Let Pa represent the length of AB, the perpendicular from A 
on BC. The equation of AB must (Art. 21) be of the form 

'i3-^7 = 0; (15) 

and, since i>(0,^aCos C,paCosB) is a point on the line, we have 

cos C — k cos B = I 
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whence, substituting for h in (15), we get for the equation of AJD 

cos^/S — cos Cy = 0. 
Similarly, cos Cy — cos -4 a = 0, (16) 

cos -4 o — cos^ ^ = 0, 

will be found to be the equations of the other perpendiculars. 

Also, since the left-hand members of these equations, when added 
together, vanish identically, it follows that the three perpendiculars 
from the vertices of any triangle upon its opposite sides meet in 
a point. (Art. 17.) 

25. If (oo, /3o> yo) he the co-ordinates of this point, we shall have, 
as in Art. 23, 

cos -4ao = cos B^Q = cos Cyoj (17) 

and therefore, (Prelim, chap. {A)*) 

qp Po yp ^^ ^ /jg\ 

sec -4 sec^ sec C a sec^ 4- ^ sec^ + c sec C 

26. In the above instances the actual values of the co-ordinates 
(ap> i8p> 7p) have been deduced ; but it is to be observed that these 
are rarely required in practice. For, as the trilinear equations, 
when not homogeneous, may (Art. 4) be easily rendered so, it is, 
in general, sufficient for us to know the proportional values of the 
co-ordinates of a point. 

Thus, (cosec A, cosec B^ cosec (7), 

(sec A^ sec j5, sec C) 

(see Eqq. 13, 17) may be used respectively for the co-ordinates 
of the point of intersection of the bisectors of sides, and of that 
of the perpendiculars from the vertices upon the sides which 
subtend them. 

So again, (1, 1, 1) 

(cos^, cos^, cos (7) 

may be taken instead of the co-ordinates of the inscribed and 
circumscribed circles respectively. 
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27. The equations of Arts. 22 and 24 are perhaps more easily 
obtained by the following geometrical method. 

For the bisectors of sides : — Let P(a, /3, y) be ant/ point on the 
bisector AJD. 

Pig. 7. 

A. 




Draw DB\ BF' perpendicular to CA, and DC, DC" perpen- 
dicular to AB» 

Then, by similar triangles, 

^_P^_ DB' _ BC%mC _ sing, 
y "■ BC" " BC'^ BBsinB "" sin ^ ' 



whence 



sin J5 ^ — sin Cy = ; etc. 



For the perpendiculars from the angular points : — Let P(a, iS, y) 

Kg. 8. 

A 




C 



be fl?wy point on the perpendicular AB, and let the perpendiculars 
BB', B C\ FB\ PB" be drawn as before. We have 



y 



PB" __ BB __ ABcoaC _ cos C , 
PC" "" i>C' "" ABcosB "" cos^ ' 



and 



cos -S /3 — cos (7y = ; etc. 
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CHAPTER II. 

THE STRAIGHT LINE CONTINUED. RELATIONS BETWEEN 

THE CONSTANTS. 

28. In the foregoing chapter (Arts. 9 — 12) we havp arrived at 
two forms of the equation of a right line, which have been named 
respectively the symmetrical and the homogeneom. We proceed 
now to investigate certain important relations which connect the 
constants in these two forms with each other and with the elements 
of the triangle of reference, 

29. First, however, that needless repetition may be avoided, let 
it be remarked, once for all, that the equations 

C0Sfl?i COS^i COS<?i ^ ^ 

and lia + ^i/S + fiiy = 0, (20) 

or, more briefly, (cos Oi, cos bi, cos Ci) and (Zj, mi, ni), will invariably 
be employed to represent the same straight line. When the inves- 
tigation requires the introduction of another straight line, this 
second line will be represented by (cosfl2» co8i2> cosc^) or (^, m^, W2), 
or by both, according as it may be convenient to use either or both 
of the two forms of the equation. Hence, wherever a straight line 
is represented by (Zi, ^i, Wi) = 0, it is assumed that its direction- 
cosines are cos ai, cos Jj, cos Ci, and so conversely. 

30. The relations 

sin {hi —Ci) = sin A^ -v cos {hi —Ci) =: — cos-^, \ 

sin {ci — flfi) = sin B, \ (21) cos (^i — ^i) = —cos B, \ (22) 

sin {ai—hi ) == sin C J cos («i— ^i) = —cos C J 

between tlie direction-angles of any right line and the angles of the 
triangle of reference, follow at once from the equations 
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180" -u4= ii-^i, 

180<*-^= Ci-a^y (23) 

180°+ e='-(«i-ii), 

the truth of which appears from an inspection of the figure given 
in Art. 9. 

31.. To prove the relations 

aco8<ri+ icosii + ccos^i = 0, (24) 

a sin «i + J sin ij + <? sin c-^ = 0, (25) 

ZiCOsai + iWiCosii+WiCos<?i= 0. (26) 

Equations (24) and (25) are easily obtained by projecting the 
triangle of reference upon the line (cos Oi, cos ij, cos Cj), and upon 
any other straight line cutting it at right angles. (See Art. 34). 

To prove the last, take the equations (19) and (20), (Art. 29). 
Prom the first of these we have 

— ""^"^ __ ^ — ft __ y — yi 

COSeTi COS^i COSCj 

ll COS flTj+TWi COS ^i+W^COS C-^ r v / / 

But the numerator of the right-hand member vanishes by reason 
of (20). Hence we must have also 

?i cos tti + m^ cos ^1 + Wj cos Cj = ; 

a relation which always holds between the direction-cosines of a right 
line and tlie co-efficients of its homogeneom equation, 

32. To find the equation of tJie straight line which passes through 
the point (ai, jSj, 71) and makes an angle a> with the straight line 
(cos <Ji, cos hi, cos <?i). 

Let (1) in the figure represent the given straight line, whose 

c 



18 



TRILINEAR CO-ORDINATES. 



Fig. 9. 




direction-angles are «i, ^i, Ci ; and let (2) be the straight line 
whose equation is required. 

Suppose the direction-angles of (2) to be a^, hz, <?2> then, since it 
passes through the given point, its equation will be 



g — Qi __ P — ft _ y— ' yi 
cosa2 008^2 C0SC2 



= r. 



(27) 



Draw the co-ordinates of the point of intersection of (1) and (2) 
then, from the geometry, we have 



Similarly 
and 

Hence (27) becomes 

a — Oi 






(28) 



P-ft 



y— 71 



COS(a)+fl'i) COS(o)+ii) COs(o)+fi) 

which is the required equation. 



= r. 



(29) 



TT 

33. If 0) = -, the straight lines (1) and (2) intersect each other 
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at right angles; and we have the following theorem, of which 
frequent use will hereafter be made. 

If two straight lines cut each other at right angles in the point 
(«i> ^i> yOj ^^r equations are of the form 

--zz^^tzp^y^zji^,, (30) 

co8<ri cos^i cosci ^ ^ 

^zi^=^i=z;^=^. (31) 

sinflfi sin^i 8m<?i ^ ^ 

In other words, the direction-cosines of two perpendicular right lines 
are of the form (cos ai cos ^j, cos <?i), (sin ai, sin ^i, sin c^). 

34. The result of the last Article affords us another proof of the 
relations (24) and (25) of Art. 31. For, remembering that 

aa+hfi+cy = 28 always, (Art. 3. (1).) 

we have from equation (30) 

y~, g — oi ^ — ft y— yi 
cosflTj cos hi cosq 

aC08<?i+iC0S6i+(?C0Sfi ^ r \ / / 

2*S' — 25' 
a cos «i+ J cos bi+c cos r^ 

and, since the numerator vanishes, we must have always 

a cos ^1 + ^ cos ^1 + ^ cos Ci =: 0. 

The relation 

a sin ai+ h sin ii + <? sin <?i = 

follows in a similar manner from equation (31) of the preceding 
Article. 

34. To prove the formula 

sin ^A = cos \ + cos \ + 2 cos ^i cos c^ cos ^, 
sin ^B = cos Vi + cos \ + 2 cos c^ cos fl^i cos 5, (32) 

an(^ sin ' C =: cos \ + cos ^^^ + 2 cos <?i cos i^ cos C. 
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It was shewn (Art. 30) that sin ^ = 8in(ii— ^i). We have 
therefore 

sin ^A = sin \hi — c{) 

= ( 1 — cos ^^i) cos Vj + (1 — cos \) cos ^^1 

— 2 cos hi cos Ci sin hi sin Ci 

= cos '^1 + cos \ — 2 cos ^1 cos Ci{— cos A 

— cos hi cos Ci) — 2 cos ^^i cos \ 

Since (Art. 30), cos A = — cos (hi — Cj); 

sin .^ = cos ^i -\- cos \ 4- 2 cos ^i cos Ci cos .4. 
The others follow by symmetry. 

35. To prove ths following symmetrical expressions for the area of 
the triangle of reference, 

-T- = a cos A cos \+h cos B cos \ + c cos C cos %, (33) 

^- —7- = a cos ^1 cos ^1 + ^ cos <?i cos % + ^ cos % cos hi, (34) 

By Art. 34 we have 

4 S^ = iV sin ^A = ^c^ {cos \ + cos Vi+ 2 cos hi cos Ci cos A } 

=. hV(cos ^^i+cos 'cj) + he cos A {{h cos ^x + c cos q)' 

— ^* cos ^ii — ^ COS ^<?i } ; 

or, since (Art. 31. (24).) hcoshi-^-ccosci = — acoeai, 

4 S^ = hc cos A {a^ cos \) -]- c{c— h cos -^) (i^ cos \) 

+ h{h — c cos -4) {(T^ cos ^<?i) 

= aJ^ {a cos .4 cos 'ai+ J cos B cos 'ii+^ cos Ccos \ }. 

Again 

4 5^= iV8in'.4=JVco8^^i+JVcos^<?i+2JVco8iiCostJiCos-'f ; 
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or, since h cos ^i = — (c cos Ci-\-acos Oi), 

c cos Ci = — (flfcos <h+^ cos ^i), 

and 2 J(; cos -4 = y + ^ — a^ 

4 jS* = — iiJ* cos hi{c cos Ci+flf cos «i) — i^tJ cos <?i(flf cos Oi+h cos ^i) 

+i(j(&'+c^— a') cos hi cos Cj 

= '-ahc{a cos fti cos Ci+& cos Cj cos flfi+^ cos fl^i cos hi}, 

36. The results of the last Article are of use when it is required 
to find a symmetrical expression for the distance between two 
given points (Art. 44). They also give us the following symme- 
trical expressions for the sines of the angles of the triangle of 
reference ; 

sin'^ sin'JB sin^C acos-4cos^flfi+5cos5co8^fti+ccosCcos^Ci 



a^ l^ (? abc 



i.(35) 



flfC08ftlCOSCi + 5cOSCiCOS<Ji+CC08fl^COSftl ,„^v 

also, = 7 \y^) 

37. It is to be observed that, since (Art. 33) sin ai, sin hi, sin Ci, 
are the direction-cosines of some line, viz. of some line perpen- 
dicular to (cos fl^, cos fti, cos Ci,) the results of the preceding Articles 
remain true, if for the cosines of the direction-angles we substitute 
the corresponding sines. For obvious reasons this remark does 
not apply to formulae which involve ^i, I7»i, 9^. 

Hence, besides 

^1 cos ai'\- mi cos hi + ni cos Cj = 0, 

we have the following relations in which X, ft, Vy may be replaced 
either by cos <h, cos d|, cos C|, or by the sines of the same angles ; 

aX + ftft + cv = 0, 

/*'+»''+ 2fii' cos A = sin '-4, 

y2 ^. x^ + 2v\ cos B = sin ^5, 

X« + ,i« + 2X/i cos C = sin 'C, 
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sin '-4 sin'^ sin^C 4S^ a cos A\^ + b cos B^i^ + c cos CfiP 
"?~ ="6^ ~~?~ ~7¥?~ abc 

afiv + bp\ 4" c\fi 



also, = — 



abc 



38. By adding the two expressions involved in 

4 5' 

-T- = a cos A\^ -f 6 cos ^/i' + c cos Cv', 

since, sin^Oi + cos'^ = 1, etc. = etc. ; or those involved in 

since (Art. 30. (22).), cos(6i— (?i) = —cos -4, etc. = etc.; we get 
in each case the expression 

8 5' 

--- = A cos 4 + 6 cos ^ + c cos C, (37) 

which is sometimes useful, and may assist the student in remem- 
bering the more important formulae from which it is derived \ 

39. To write down the homogeneous equation of a straight line 
whose symmetrical equations a/re given. 

Let the given equations be 

\ H II 

and suppose 

la -i- wjS + wy = (39) 

to be the homogeneous form of the equation of the same straight 
line. 

Since (oo, /Sq, yo) is a point on the line, we shall have 

^ + Wi8o + Wyo'= 0; 

* This formula is easily proved independently; for the right-hand member 
25V + 2c2a2 + 2«252_ a*—b*—c* 8«(*— a) (s—h) (*— c) 8^2 
2abc abo abc 
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2'\ 



also, (Art. 31. (26).) I\ + mfi + np = 0; 
whence, I m n 



^01 yo 




yo» oo 




oo* ^0 


/*> " 




p,\ 




X, /i 



(40) 



and (39) becomes 



A)» yo 



a + 



yo» flo 

p, X 



3+ 



X, fi 



= 0. 



(41) 



40. To find the direction-cosines of a straight line whose eqtiation 

is given in the homogeneous form. 

Let l^a + Wi)3 + niy = 

be the given equation: then, since (Art. 31. (24), (26).) 

a cos flh + 6 cos Ji + (? cos Ci = 

and ?i cos <?i + Wj cos 5i + «i cos Cj = 0, 

we have, by cross-multiplication, 

cosei^ __ COS^i __ COS(?i 



6, c 









a cos hy COS Ci + 6 COS Cx cos «i 4- c cos e^i cos h^ 



V 



a 



c, a 



a, b 
li,mi 



+ b 



a, b 



2S 



b, c 



+ 



\b, c 



c, a 
,Wi, h 



ivi\^ n\ 
(Prelim, chap. (JB).) 



abc V (^ + wf + wj — 2^1 Wi cos A — 2wi/i cos B — 2/iWii cos C) 

(Art. 35) 
2S 

if we denote by {?i, Wi, »i} the function of ?i, ^i, Mj, for which it 
has been substituted ^. 



^ In the same way the expression 

{s/(a^ + ft2 + c2 — 25c cos A 
will be represented by {a, h, c.} 



2ca cos B — 2ab cos C). 
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41. The direction- cosines of (/i, Wi, Ui) may obviously be written 
in the somewhat more convenient form 



cos^ 



_ cos bi _ 



COSCi 



sin Bf sin C 
mi, «i 



sin C, sin il 
»i, li 



sin A, sin B 
li, mi 



{lumiM (43) 



the same abbreviation being made. 



42. To find the sines of the direction-angles of a straight line, when 
its equation is given in the homogeneous farm. 

By equation (43) of the last Article, we have 

. « li,mi,ni ^—{niBmB—mismCy 

sm ^Oi = ^-7-7 fa 

{/i, %, niY 



[/J+ wfcos'C+»Jcos'5— 2mini(co8-4 

—sin 5 sin C)—2nili cos 5— 2/imi ops Cl 



{/l,Wi,»i}' 



Therefore 



(/i— fWi cos C— «i cos ^)* . 

/j — Wi cos C— Wi cos ^ 

sm «i = J: f7 — — T y 



the values of sin bi, sin Ci following by symmetry. Hence 
sin ai sin bi sin Ci 



/i— WiCosC— WiCosiS Wi— WiCos-4— /iCosC ni—liCOsB—miCoaA 



1 



(44) 



{li,mi,ni} 
43. To «A^«^ ^Aa^ 

li sin tfj + Wi sin bi + Wi sin Ci = {/j, Wi, »i}. 

Since li cos ai+ m^ cos 61 + «i cos Cj = (Art. 31 . (24).), we have 

{li sin fli + mi sin 61 -t- Wi sin c^^ = (?i sin ai + Wi sin 61 + »i sin Ci)* 

+ (Ji cos »! 4- Wj cos bi + »i cos Ci)3 
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= Zf + wij + nj + 2mini cos {hi — Ci) 
+ 2»i/iC08(ci — Oi) + 2/imi co8(ai — i, ) 

= /J+iwf +ni— 2wi»i C08i4— 2ni/i cos B 
—2limi cos C 

= Uu «»i, «i'}, (Art. 40.) 
Hence 

^8m<ii+«»i8infti+»i8inci = {1^ fWi, nj} (45) 

44. 7b shew that 

/iCOS(«+<li)+WiC0S(« + 6i)+«iC0S(a)+e?l) = — {Zi, mi,»i}8ma). 

Expanding, we get 

ZiC08(«+ai)+miC08(«+6i)+niCos(a)+Ci) = (licosoi+niicosbi 

-l~^iCOS(;i)cosa> 

— (i^ sin «i + 7;ii sin^i 
+»i8inci)sina) 

= — (^ sin (Ji -}- mi sin ftj 
+»i8inci)8infi), 
(by Art. 31.(24).), 

= {^1, mi, ni} sin©, (46) 
bj the result of the last Article. 
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CHAPTER III. 

THE STRAIGHT LINE CONTINUED. LINE AT INFINITY. 

45. To find the distance "between two points. 

Let (ai, ft, yi), (oj, jSj, yj) be the given points, and r the distance 
between them. Then, if X, /*, v are the direction-cosines of the 
joining line, we have (Art. 9.) 

— °i ~"°2 _ ft ""ft __ 71 —ya . 
X /i p 

whence, (Prelim, chap. (C).)> 

^ g cos A{ai—tUiy + h cos B(ft --i32)^+g cos Cjyx—y^)^ 
~~ a cos A\^ + J cosBfi^ + c cos Ci/* 

= ^{<JC0Si4(ai— a2)^+*cosJB(ft— /32)^+(?cos(7(yi— ya)^}; (47) 
or, (Prelim, chap. (5).) 

2 _ _ <^(ft-~ft) (yi--y2)+^(yi— yg) (qi— q2)+g(«i--q2) (ft— ft) 
= — 4^{^(ft— ft)(yi— y2) + Kyi— y2)(ai— «2)+c(ai— a2)(ft— ft)} ; 

(48) 

(47) and (48) following by reason of equations (33) and (34), 
(Art. 35). 

46. It is sometimes more convenient to write the results of the 
last Article in the following form : 

2 _ (ai-g^)^ sin 2^+(ft-fe)^ sin 2B+(y,-y,f sin 20 
^ ~ 2 sin ^ sin ^ sin C ' ^ ^ 

and 

, _ (ft— ft)(yi— y2)sinJ + (yi— y2)(qi— Q2)sin.g+(ai— a2)(i3i— )32)sinC 
~ sin -4 sin Bsin C 

(50) 



PEBPEKDICULAB DISTANCE OF A POINT. 
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47. To find the Ungth of the perpendicular from the point {a^ )3,„ y^y 

upon the straight line {1^ ^n^, fti). 

The Erection-cosines of the perpendicular will be (Art. 33) sin r^,, 
sin hiy sin Ci* 

Fig. 10. 




K;/3^jy^J 



If therefore p be the required length, and a, )3, y the co-ordi- 
nates of the foot of the perpendicular, we shall have 



sin »! "~ sin^i "~ sin Cj ~ ^ ' 



whence 



« = °o 1 sin »! p 
/3 = /3o + sin h^p 
y = yo ± sin c,|? 
and, substituting these values for a, /3, y, in the equation 

l^a + mi^ + niy = 0, 
we get 

JjOo + »h)3o + Wiyo + {h sin ^i + Wi sin h^ + Wi sin c^p = 0, 
and therefore 

•'^ - /i sin «i + wii sin 6i -|- »i sin Ci 

where, as before, 
{^i,»h»«i} = >/(^+»»i+«i— 2»Ji>iiC08-4— 2wi^cos-5— 2ZiWiCosC7). 
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48. Hence also, if a straight line be drawn from (a©, 80, yo) to 
meet the line (Zj, m^, rii) so as to make an angle a with it, its 

Fig. 11. 



(^C^ojo) 




{Cf,m^^n^^ 



length p is known; since, from the geometry of the figure, 

P 

P = 



79 • 



sino) 
Thus 



p — z '-^ = — • 



{/i,fni,ni}sina> 



(62) 



49. But this result may be arrived at independently; for the 
equation of the line which meets (li, mi, «i) at the given angle will 
be (Art. 32) 



O—Oq 



i3-ft 



_. y— yo __ ^ 

cos (» 4- Oi) COS (» + Ji) COS (o) -f- Oi) - ^^ 

and, proceeding as in Art. 46, we shall get finally 

^ "" - /l cos {(a+(h)+^l COS («+6i)+»i COS (fi)+<?i) 

- {/i, Wi, «i} sm » ' '^ 

50. To find the angle included between the two straight lines 
(cos Oi, cos bi, cos e^i), (4, ^, ^3). 

Let a> be the angle between the two given straight lines. 
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Then, the direction-aogles of the first heing ^i, b^ c^ those of the 
second wiUhe («+<ii), (» + ^), (« + <^i), (Art. 32. (28).). 
Hence, (Art. 31. (26).), we have the relation 

li cos (w+Oi) + wh cos («+ bi) + «j cos (« + Ci) = ; 

wherefore 

i^cosai-fin,cos6|-l-nscos<;i = tan«(/jsin<ii+in5sin6i+t?28inci), 

2i cos Ui + m^ cos 5i + 113 cos Ci 



and 



tan» = 



/s sin ^1 + Wis sin 61 + Wa sin Cj 
We have also the following values for sin » and cos a> : 

Zj cos flTi+Wo cos fti+Wo cos Ci 



(53) 



sintt = 



>/ { (^cosoi + t/»2Cos6i + fi2Cosci)*+ (/jsinai + ;7i3siu6i + Wgsinc 1 f } 
2^ cos 01 -^ m, cos ^1 + ns cos Ci 



cos CD 



{(,, m,, fis} 

2i sin 01 + W] sin 61 + ^3 sin Cj 
{/j, Wj, >ij} 



(54) 



(55) 



51. To determine the angle included beticeen the tuo straight linen 

(Zi, Ml, til), (Z3, Wj, tJa). 

Using the results of the last Article, and remembering (Arts. 41, 
42) that 

cos 01 COS^i CO8C1 __ 1 



sin^, sin C 



sin C, sin A 



sinu^, sini^ 



{/i,Wi,iii} 



and 



sin 01 



sin bi 



mnci 



/, — WiCOSC— JliCOSi? Wi— JIiCOS^ — /iCOSC W| — /iCOsi/ — ^^lC08y^ 

_ 1 

we have for the tangent of the included angle 
sin B, sin C 

^1, Wi 



+ W2 



sin (7, sin -^1 i sin A, sin ^ , 
Wi, k "^ '^ I Z„ wi ' 



Zi4+ Wi»i2+»iW3— (W1W2+ wiaWi) cos -4 — [fiik+njli ) cos i^ — (/i?W3+ /2Wi)cos C^ 
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and the following values for tan a>, sin a>, cos o, respectively, 



^2, % 



BinA+ 






8in^+ 






sin (7 



lik+^ifJh+nin^ — (wjWa + »^2Wl)co8-4 —(^1/2+ W2/1) cos-ff — (/1W2+ Z2»^i)cos (7 

(56) 






8inJ[+ 



8in^+ 



^''^' I sine 



C57) 

{/l, ?Wi, »i}. {^2, ^^2, %} 

^1/2+ ^1^2+ W1W2 — (^^1%+ %wOco8-4 — (wi?2+ W2?i)eo8^ — (/i ^2+ l2'mi)co8 C 



{h, Wl, Wl}. {hy nhy Wj} 



(58) 



52. To investigate the meaning of the equation 

aa + hp + cy =^ 0. 

The given equation, being linear, must (Art. 12) represent some 
straight line. 

Also the equation 

{a\ + hfi + cv)r + (ooo + ftft + <?yo) = 

gives, as in Art. 12,^ the distance of the required locus from a point 
(do, )3o, yo) liot on the locus, in any direction (X, /*, y). 

Therefore, since (Art. 31. (24).) 

flfX + ft/Li + e?i/ = 

always, the radius vector is in every direction infinite. 
Hence the equation 

fla + 6j3 + cy = 0, 
or sin Aa + sin Bfi + sin Cy = 0, 

or, (Art. 3. (1).), a constant = 0, 

must he interpreted as representing a straight line which lies altogether 
at an infinite distance. 



53. It will be observed that, as {a, ft, c} = identically, the 
direction-cosines of this line are (Art. 41) indeterminate. 



I 
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PROBLEMS ON THE STRAIGHT LINE. 



54. To find the co-ordinates of the point of intersection of the 
straight lines (/j, Wj, «i), (/«, ni^^ w^). 

Let (oq, /So) 7o) ^ the co-ordinates of the point of intersection of 
the given straight lines, then we shall have 

and /joo + WaPo + ^^yo = ; 



whence, by cross-multiplication. 



oo 






Po _ yo ^ 



25f 



a 



W2, Wg 



+ i 



«1, /l 



+ c 






(59) 



55. To find the condition that the three straight lines (/i, Wi, n^ 
(/j, Wg, «2)> (^8> W3» Wg) wffy meet in a point. 

Suppose the point (oq, jSq, yo) to be common to the three given 
straight lines. Then we must have simultaneously 

/lOo + Wi/So + »iyo = 0, 

I^OLq '\' Wg/So + W2y0 = 0, 



and the condition that these equations should co- exist is 

1 /i, Wi, «i I 

! /g* ^> W2 = 0. 
; ^3J ^*3> ^8 



(60) 
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56. To find the condition that the three 'points (oi, jSi, yi), (02, ^82, 72), 
(as* ft» ys) if^^y ^*^ *w ^^ *^^^ straight line. 

Suppose the three giyen points to lie on the right line whose 
equation is 

Za + w/3 + wy = : 
we shall then have 

^1 + »^A + wyi = 0, 

and la^ + wjSa + wys = : 

and these equations cannot exist together, unless 



flu A» yi 

as* ^3> ys 



= 0, (61) 



which is therefore the required condition. 

57. To find the symmetrical equations of the straight line which 
passes through the two given points (ai, ft, yi), (02, iSj, 72). 

The equations of a straight line through (oj, jSg, y^ must be of 
the form 



— 02 __ P~ ft _ y — y2 

Also since (oi, ft, 71) is a point upon the line, we have 

ai — 02 ft ~ ft 7i ~ y2 

X /A V 

Hence, eliminating X, /*, v between (62) and (63) we get 

— 02 _ ^ ~ ft _ y — y2 
ai — 02 ^1 — ft yi — ya 

which are the equations required. 



(62) 



(63) 



(64) 
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58. To find the homogeneous equation of the straight line which 
passes through the two given points (ai, ft, y^, {a^, ft, y,). 

Suppose the equation of the joining line to be 

fa + mi3-|-ny = 0: (65) 

then, since the given points lie on the line, we shall have, to 
determine /, m, n, 

lax -h »»ft + »yi = 0, (66) 

and la^ + mft + wyj = 0. (67) 

From these, by cross-multiplication, we get 

/ m n 



ft»yi 
ft»ys 




yi» oi 
ys» os 




Ol* ft 

aj, ft 



whence, substituting in (65), we have for the required equation 



ft I yi 
ft. ya 



a + 



yi» fill 

y2, 02 



)3 + 



«i» ft 

«2» ft 



y=0; 



(68) 



or, more briefly, 



a> ft y 
oi, ft, yi 

o,. ft, y. 



= 0. 



(69) 



In the latter form the equation might have been written down 
at once as the eliminant of the three equations (65), (66) and 
(67). 



59. To find the homogeneous equation of the straight line which 
passes through the point {oq, ft, yo)> ^^^ whose direction-cosines are 

X, /A, V. 

Let the equation be 

/a + wi3 + ny= 0; 

then, since (oq, jSq, yo) is a point on the line, 

+ wft + wyo = : 
n 
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also, (Art. 31. (26).), Tk + mii + nu = 0. 

And, eliminating /, m, n, between these three equations, we have 
for the required equation 



a» A y 



= 0. 



(70) 



This equation may also be written thus : 



^o> yo 



a + 



yo» «o 

V, X 



i3 + 



«o» ft 
X, /i 



7 = 0. 



(71) 



60. If the equations of the two preceding Articles be compared, 
it will be seen that the homogeneous equation of a right line may 
be formed with equal ease, whether the co-ordinates of two points 
on the line, or the co-ordinates of one such point and the direction- 
cosines of the line, be given. 



61. To find the equation of the straight line which joins the point 
(oo^ft, yo) to the point of intersection of the straight lines (^, nii, n^), 

(h, ^2* ^h)' 
The required equation must (Art. 16) be of the form 

lia + WijS + »iy + k{l^ + mS + Wjy) = 0, (72) 

because it passes through the intersection of the given straight 
lines. 

Also, since it passes through {a^, )3o» yo)> '^e have, to determine ^, 

/lOo + Wi^o + ^lyo + ^(^ + trt'fiQ + »2yo) = ; 
and (72) becomes, when this value is substituted for Ic^ 

(Z2ao+W23o+W2yo)(^ia + Wi^+Wiy)==(i^iao+?Wii3o+Wiyo)(/2a+^2i3+W2y). 

(73) 

62. To find the equation of the straight line which passes through 
the point of intersection of the straight lines (Zi, mi, Wi), (/j* ^^^2* ^s)? 
and bisects the angle between them. 
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The bisector is the locus of points the perpendicular distances of 




m^n^ 



which from the two given straight lines are equal ; its equation 
therefore (Art. 47. (51).) will be 



lia + mi8 4- Wiy I^ + m^S + %/ . 



{/i, mi, Wi} 



{I2, ^2, n^} 



(74) 



the upper sign belonging to the internal, and the lower to the 
external bisector. 



63. If the direction-angles of the two lines be given, and 
(ao» i9o» yo) ^e their point of intersection, the bisectors will be re- 
spectively represented (Art. 33) by the symmetrical equations 



g— qq __ P—^o ___ y— yo 



cos 



ai+a^ 



cos 



hi + b, 



cos 



CI+C2 



(75) 



and 



a— Oo 



. Oi -\- a^ 
sm -^^ — - 



sm 



i8-/3o 



y— yo 



sm -i— ! — 



(76) 



For the direction-angles of the internal bisector are the Arithmetic 
means between a^ and «2. ^i and Jj, Cj and rj, respectively ; and the 
external bisector cuts the former at right angles. 
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64. To find the condition that two given straight lines (Zj, mj, »i), 
(7g, Wg, Wj) should he parallel to each other. 

The two given lines must, if they are parallel, have the same 
direction-cosines; hence (Art. 31), we must have, not only 

a cos erj + J cos Ji + (? cos Ci = 0, 

and li cos 01 + nii cos hi + «i cos Ci = 0, 

but also 4 cos ai + nii cos Ji + Wg cos (?i = 0. 

whence, eliminating cos ^i, cos hi, cos Cj, we get for the required 
condition 

a, h, e 

/j, Wi, «i = 0. (77) 

65. To find the equation of the straight line which passes through the 
point (oo, /3o, •yo)» ^we? is parallel to the straight line {li, mi, ni). 

This straight line may be regarded as the locus of points the 
perpendicular distances of which from (/i, mi, Wi) are equal to that 
of (oo> ft' yo) fi'oni the same right line. This (Art. 47) will be 
expressed as follows : 

lia + Wi3 + «iv ^"0 + ^ift + Wiyo 



or 



{/l, Wi,»i} {^1, mi,»i} 

/ja + niifi + niy = ZjOo + m^^ + «iyo- 



(78) 



66. Or we may proceed as follows : 

Since the straight line passes through the point (ao» ft> yo) ^J^d 
is parallel to (Zi, mi, nj, its direction-cosines (Art. 40) are respec- 
tively proportional to 



h, e 




Cf a 




a, h 


mi, »i 


» 


Wi, /i 


» 


ll. Ml 



and its equation (Art. 59. (70).) is 

i8, 



«0> 



ft 



0> 



y 

yo 



hni—cmi, cli—ani, ami^hli 



= 0. 



(79) 
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This equation is in the homogeneous form, and, being identical 
with 

is equivalent to (78) of the last Article, since 

««o+ ^Po+ ^0 = ^+ ^P+ <^9 (-Ajrt, 3). 

67. From (78) it appears that the general equation of a straight line 
parallel to (^, i/h> ^) ^^ 

lia + WijS + Wi7 =: ^ (a constant), (81) 

and, conversely, two straight lines are parallel when their equations 
differ only hy a constant term. 

Equation (81) becomes (Art. 4), when rendered homogeneous, 

^a + IWi^ + »iy = 2^ (tfa + ii3 + Cy\ 

and is therefore of the form 

lai + wft + wyi = h* {aa + JjS + Cy\ (82) 

the meaning of which (Arts. 16. 52) is that every straight line which 
is parallel to (^,Wi,»i) passes through the intersection of{li,mi,ni) with 
the straight Une at infinity. 

This follows also from the condition of parallelism (Art. 64. (77).), 
which expresses (Art. bb. (60).) that the given straight lines must 
intersect on the straight line at infinity. Indeed we might have 
assumed this property of parallel straight lines, and deduced from 
it the condition of parallelism by the method of Art. 55. For the 
convenience of the student this form of proof is given in the 
next Article. 

68. To find the condition that the straight lines (Zi, nii, Wi), 

(4, Wj, W2) may he parallel. 

If the given lines be parallel they will intersect on the right line 
at infinity. Let {oq, jSq, yo) !>© their point of intersection ; we shall 

have aoo + h^Q -{- cyo = 0, 
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and l^flo + ivhPo + n^o = ^ • 

and, eliminating a^y ft> To from these equations, we get for the re- 
quired condition 

a^ b, e 

^, mi, Wi = 0. 

69. It was shewn in Art. 33 that the straight lines (cos Oi, cos Ji, 
co8<?i), (cos<r2, cos ^2? C0SC2) '^m intersect at right angles, if 

cos a^ = sin Oi^ 
cos ^2 = sin 5i, 
cos (^ = sin Cy. 

Hence also, since (Art. 31) 

I2 cos a^-^-Wi cos ^2 + ^ cos (jg = 0, 

the condition that (4, we2, w,) should he perpendicular to (cos ^i, cos ^i, 
cos<?i) is 

/, sin ^ + m^ sin ^1 + ^2 sin <?i = 0. (83) 

70. To find the condition that the straight /iw^(cos<r,,cos^j,co8^,) 

should he perpendicular to the straight line (^, Wi, »i). 

By Art. 33, we must have cos at, = sin a^, etc. = etc. ; also, (Art. 
42. (44).), 

sin Oi sin 5i sin Ci 



li—miC08C—niCosB mi—niCosA—liCosC ni— /jcos-ff— Wicos^. 

Therefore the required condition is 

cos a^ cos h^ cos c^ 

/l — WiCOSC— »iC08-fi Wi — WiC08-4 — /iCOSC «i — ^COS-ff — njCOS^ 

(84) 

71. To find the condition that the straight lines (^, Wi, Wi), (i^, W2, W2) 

should he mutually perpendicular. 

We have seen (Art- 33) that if the given straight lines intersect 
at right angles, cos a^ = sin t^i, etc. = etc. Hence the relation 
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^ COS Os + m, COS &s + n, cos (^ = 
of Art. 31 becomes 

/^sin Oi + m^sin hi -|- ;7,sine;i = 0, 
or, since (Art. 42, (44).) 

sin Oi sin hi sin Ci 

li^f^oosC—TiiCosB nii—niCosA—liCOsC ni—liCosM—miCOBA 

[^— l»lC08 C7— WiC0S^)+ W,(Wi — »iC08-4 — ZiCOS (7)+W,(»i — /i COS^— WlCOS-4)=0, 

that iS| 

V,+WlW,+ »iW,— (WiW,+ l»,»i) C08-4 — (wi/,+ w,?i) COS^— (?iW,+ 7,Wi)co8 C=0, 

(85) 

which is the required condition, another and somewhat more in- 
dependent proof of which is given in the next Article. 

72. Let the equation of the pair of lines be 

The polar form of this equation, any point {oq^ p^y yo) being taken 
as pole, is (Art. 13. (8).) 

Hence the radius vector is infinite, and therefore parallel to 
(^1^9^1)9(^1)^11^)9 when the direction-cosines satisfy the equation 

<l> (X, ^, v) = 0, ' (86) 

or 

But (Art. 33) the values \,fi,Vf which correspond to a pair of 
perpendicular lines, must be of the form (cos Oi, cos hi, cos Ci) and 
(sin 01, sin hi, sin Ci), respectively. 
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We have therefore, by (86), both 

<l> (cos Oif COS hi, cos <?i) = 0, 
and <f) (sin Oi, sin hi, sin Ci) ^= 0: 

adding these, and remembering that cos {hi — ^j) = — cos A, 
etc. = etc., (Art. 30. (22).), we get 

/] /j+ WiW,+ Wi«2 — (»^lW2 + W2»i)cos-4 — (wi^+ WjA )cos-S — (Zj Wj + ^Wi)cos (7= 

(87] 
which is the condition sought. 

73. It may be remarked that, since 

al+hm-^-cn^^hn-^-em) cos-4 — ((?Z+a») cos-5— («m+5?) cos^:=0 

always, any straight line (/, m, n) whatever is to be regarded as 
perpendicular to the straight line at infinity (Art. 52). 

74. It is only necessary to remind the reader that the conditions 
of the immediately preceding Articles, as well as the condition 
for the parallelism of two given straight lines, follow at once as 
corollaries from the results of Arts. 50, 51, of the last chapter. 

75. To find the %ymmetr%cal eqtmttons of the straight line which 
passes through the point (ao, /Sq, yo), and is perpendicular to the straight 
line {li, mi, ni). 

The required equation is, (Art. 33,) 



a — oq P — ^0 y — yo 
siaai embi sin<?i ' 



that is, (Art, 42,) 



""""o _. ff~A> y—yo 

li —niicos C^niCOsB Wi — WiCos-4 — /jcos C ni—liCosB—miCosA' 

(88) 

76. To find the homogeneous equation of the straight line which 
passes through the point (oq, jS©, yo), and is perpendicular to the straight 
line (/,, mj, »i). 
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Suppose 1^ + w,9 + w,y = (89) 

to be the equation of the perpendicular. 
Since it passes through {a^ Pq, 70)9 ^e have 

I^ + w,8o + w,yo = 0. (90) 

AlsOy since it is perpendicular to (^, ntu ni\ we have (Art. 69. (83).) 

7,8in Oi + 977,sin hi + w, sin Cj = 0. (91) 

Hence, eliminating 7^, m^, ff^, between equations (89), (90) and (91), 
we obtain for the required equation 

• 

«> ft y 

sin ^, sin hi, sin (7^ 
Or, (Art. 42,) 

«> ft y 

«o> ft> yo 

^— wiiCosC— »iCos-S, mj— »iCos^— ZiCosC, »i— ^icos^— Wicos^ 



= 0. (92) 



= 0. 



(93) 

77. To find the homoffeneotis equation of the straight line which passes 
thrmigh the point (oq, ft, yo), and makes an angle m with the straight 
Une (Jit i»i, ni). 

Assuming 7,o + w,3 + w,y = 0, (94) 

for the equation of this straight line, we have, since (oq, ft, yo) lies 
upon it, 

^ao+maj3o+ W2yo = 0. (96) 

Also, since its direction-cosines (Art. 32) are cos (o> -|- ^), 
cos (» + ^i)> cos(flo + Ci), the relation (26) of Art. 31 becomes 

^ cos (« + «i) + JWj cos (« + Ji) + Wa cos (« + Ci) = 0. (96) 

Therefore, eliminatiug l^, m^, «2 between (94), (95) and (96), we 
have for the required equation 
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a, 3, y 

«o» ft» To 

C08(a)+«i), C08(tt) + 5i), COs(a)+(?i) 



= 0. 



(97) 



But (Arts. 41. 42) cos (« + <^) = cos ©.cos Oi — sin «.sin ai 



= 77 1 1^^^® 



sin^, sin C 



m 



n 



^1 



--sin«(/i--weiC08(7--WiC0s^) i 



ni sin (m+£) + mi sin («— (7) ~" A ^^^ ® 

{/l, Wi, Ui} 

with similar values for cos (» + Ji), cos (© + t?i). 
Hence (97) may be written 

a, oo, li sin«— Wisin(a)--C)— «i8in(o)+^) 
P) Pof ^i s^n «— Wi sin (a)— ^)— ^ sin(a>-f- C) 
y, yo> »i sin©— ?i sin(«— -6)--Wi8in(tt)+-4) 



= 0. 



(98) 
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CHAPTER V. 

ANHARMOKIC RATIOS. HARMONIC POINTS AND PENCILS. 
HOHOGRAFHIC SYSTEMS. INVOLUTION. 

78. In the present Chapter a short account will be given of the 
theory of Anharmonic and Harmonic section, so far as it relates to 
the properties of the point and line. For a more complete in- 
vestigation of the subject the reader is referred to geometrical 
treatises \ 

79. When a pencil of ray%^ originating at a centre 0, is cut by 
a transversal in points Pi, P2»-^8» • • . •» PiA> PiA* -Pa^'j .... are 

Fig. 18. 




conveniently employed to represent not only the corresponding 
segments of the transversal, but likewise the angles which those 
segments subtend at the centre of the pencil. In the same way we 
shall occasionally use Pi, Pj, Pa, .... to denote the rays OPi, OPj, 

C/X3f • • • • 

With reference to the ran^e of points P^ P2, Pa, ... . the trans- 
versal is sometimes called the axis of the system. 

* I may mention Townsend's "Modern Geometry/' Hodges, Smith, and Co., 
Dablin, 1863—6. 
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80. Definition of Anharmonic ratio. Let the segment (or angle) 
P\Pz be divided, as in the figure of the last Article, by the two 

P P P P 
points (or lines) P^, P^ ; and let the two ratios jr~B^ "5^* ' °^ 



mP~P' BinP P j ^e^oted by p^, pi (or o-j, 0-4), respectively. 



sin 
sin 



Then the ratio p^ *, p^ (or <t^ ! o-J and its reciprocal p4 \ p^ip^ 
0-4 : o-j) are the two anharmonic ratios which are due to the division 
of the segment (or angle) P1P3. 

Written at full length this pair of Anharmonic ratios will be 

■J .J : ^ * , and its reciprocal, 
P3P2 PzP: ^ 

for !!!^^ : ^^^^, and itd reciprocal) : 
\ sinPaPa ^^^.P^Pi^ / 

but the following abbreviations are often used ; viz. 

{PiP3,i^2i^4}and{PiP3,i^4A}, (99) 

to express the pair of ratios for the system of points, and 

{ O.P1P3. P2P4} and { aPiP3, P4P2} ( 1 00) 

to represent the corresponding ratios for the pencil. 

81. But when four points on a common axis (or rays through 
a common vertex), Pi, Pj, -Pa* P^n a^*© given, any one out of the six 
segments (or angles) P^P^y P^P^, P^P^, P^Pz, P^P^, P^P^, may be re- 
garded as the divided segment (or angle), and we shall have ac- 
cordingly twelve anharmonic ratios ; viz. the following six, 

{P|Pa,P3P4}, {PiP3,P3P4}, {PlP4,P2A}, CtC, 

and their six reciprocals 

{P,P,, P,P,}, {P,P3, P4P2}, {P1P4, P P2}, etc. : 

(or the corresponding ratios of sines). Their number, however, is 
only half of that stated above ; for it will be found that the ratios 
of the segments (or sines of the segments) of PiP„ made by P2P4, 
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are the same in sign and magnitude as those of the segments (or 
sines of the segments) of PJ*^^ made by Pj, /*, ; so that {P\l\ 
P2P4} = {^8^4. P1P3}, and so on. Hence for a system of four 
paints {or lines) there are hut six different Anharmonic ratios^ whereof 
three are the reciprocals of the remaining three : viz, 

{P,A P.^4}, {PA AA}, {PiP,.P,Pt}. 

{P,P,.P,P,}, {P^PrP,P,}, {P,P,,P,P,}. 

82. These six Anharmonic ratios may be represented briefly by 
X, Y,Z, and their reciprocals; and from an inspection of their 
actual values it appears that 

XYZ=: - 1, and ^~ .^ = ~ 1. (101) 

The student will have no difficulty in proving that they are also 
connected by the following relations ; 

x+Y = h r+Jr=i, z+^=h (102) 

83. If a pencil of four concurrent lines he cut hy a transversal^ the 
anharmonic ratios of the four points of intersection are equal to the 
corresponding ratios of the pencil, and are therefore the same for any 
position of the transversal. 

Let a pencil, having its centre at 0, be cut by a transversal in 
the points Pi, P3, P,. P4. 

Fig. 14. 
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Using the notation of Art. 80, we have 

P, Pd P, P. 
{P,P„P,P,) = ^^:^^ 

aop,p^ , aOP,P, „ . 

~aOP,P,' &OPiP,'^ ' ■ 
_ OP,. OP^. Bin P,P, OP,. OP,. 
~ OP,. OP3. sin P,P, ■ 
sinPiP,_ ain_f\P, 



OPj. OP,, sin P^, 



~" sin P,P,' ainP^, 
= {O.P,Pt, P^,}. (103) 

And the same may be proved with respect to the remaining fire 
anharmonic ratios of the range. 

84. It follows from the theorem of the preceding Article that if 
two pmcilt originating at and 0', are «acA that their rays intersect, 
Fig, 10. 




ium and two, in poinU Khieh lie in the same straight line, thy will 
have the same anharmonie ratios. 

For, if P„p5,P„P, be the points of intersection of the two 
pencils, then, since their anharmonie ratios ore equal to the cor- 
responding ratios of each of the pencils, we have 
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{O.P,F„P,P,} = {P.^j./'jA} 

= {0'.i'AAA} (104) 

and the pencils are therefore equi-anharmonic ^. 

85. Any two pencils which are so mutually related that their 
corresponding rays intersect in pairs collinearly are said to be in 
perspective, or in homology with each other ; and the line on which 
their common points lie is called the axis of perspective, or the axis 
of homology, 

86. Definition ofharnwnic section. Any segment (or angle) is said 
to be harmonically divided by two points (or lines) when each of its 
two anharmonic ratios (Art. 80) = — 1. Thus the line (or angle) 
Pi P, will be divided harmonically by the points (or lines) F^, P^, 

provided that -^^ . -j^^ (^or ^-^^ . ^^^^-^J, or its recipro- 

cal, = — 1 ; and then the points (or lines) ^2* -^4» are said to be 
harmonic conjugates with respect to P^ P3 ; and Pi, Pj, 7^g, P4 form 
a harmonic range (or pencil). 



87. The equation of harmonicism 



may be written in the form 

PiPa PiPa 



= - 1 (105) 



(106) 



-*8^2 P3P4, 

Hence we conclude that a segment which is harmoyiically divided is 
divided internally and externally in the same ratio. This is some- 
times taken as a definition of harmonic section. 

*» Eqni* anharmonic systems of points or lines are said to be homographic. 
The two pencils in fig. 15 are both homographic and perspective, (Art. 85). 
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88. Another definition is afforded by the following property, 
which is easily deduced from (105). If the segment Pi^Pz he har- 
monically divided hy P^, P4, and C he the point which hisecta P1P3 ; 
then 

CF,^ = CP3' = CF^ . OF^. (107) 

89. The condition of harmonic section may also be written in 
the form 

{F,F,, F,F,} = {P1P3. P4A}, (1 08) 

(or {O.F,F,,F,P,} = {O.P,P,,P,P,}); (109) 

for the only case in which the two reciprocal ratios of a divided 
segment (or angle) are equal to each other is that in which the 
dividing points (or rays) are harmonic conjugates of the two points 
(or rays) by which the divided segment (or angle) is terminated ^, 

90. To find the anha/rmonic ratios of a pencil of fowr concv/rrent 

lines whose direction-angles are given. 

Fig. 16. 
o 




Pi 

Let the direction-angles of the four rays OPi, OF^^ OF^j OF4, 
be («!, hi, Ci), (flTa, hi, ^), {a^, h^;c^, (^4, J4, c^) respectively. Then if 

.. w /I i\o\ ' ^_i:_* • _i_* \ = 1 Therefore ^ * • ^ * = + 1 . 
• For (108) gives |^j^ • p-p^j .1- "eretorc ^^-^ . ^-^ + , 

and, neglecting the positive sign, since it makes the points P,, P^, coincident, 

P P P P 
we have _l-i : _l_± = _ i, the condition of harmonic section, (Art. 87. 
•'a-' s •'a-' 4 

(105).). 
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(oo, /3(h yo) l>6 tl^6 co-ordinates of 0, the equations of the rays 
will be 

a— Op __ ff— ^0 _ y— yo g^^j^ 

cos tfi COS ft COS Ci ' 

Also, as in Art. 32, 

Z.P1P2 = ^ — ^'^i = ^1 — ^2 = ^i~~^2> 

with similar values for the other angles of the figure. 

Hence, to take only one of the six anharmonic ratios (Art. 81), 
viz. 

sin fiPa . sin fifi 

sin P3P3 * sin P3P4 

we have for its equivalent in terms of the direction-angles 

sin'(rti— flja) ^ sin (ai—a^) 



sin («3— ^^2) sin (era— ^4) 



(110) 



or either of the expressions derivable from this by the substitution 
of (Jj, ^2, h^) and {cif c^, (k) successively for {oi, a^, a^. 

The remaining five ratios may be formed in the same manner. 

91. To find the condition that four concurrent straight lines , wlwse 
direction- angles a/re given, should form a harmonic pencil, 

Becurring to the figure and notation of the last Article, we 
have, as the equivalent of the relation 

sin(<7i — (Tj) sm(a^ — a^ 

^r — -{'--^ — N=-i. (Ill) 

sm(fl3 — ^2) sm(e?3 — ^4) ' ^ ^ 

in which, as before, (fli, ^3, ^3) may be replaced by (5i, Jg* ^3) or bj 

If the condition (111) be satisfied, the pencil will be harmonic, 
and (cos ^3, cos ^2? cos c^ and (cos ^4, cos J4, cos c^ will be harmonic 
conjugates with respect to (cos «i, cos Jj, cos (?i) and (cos ^, cos J3, 
oos Of), 

V. 
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92. To_^nd the anharmonic ratios of a pencil of four right lines 
which pass through the intersection of the given UtMS {I, m, n), 
{It,, ma, Kb). 




Let the equatioi 
16) he 



of the four rays 0P„ OP^ OP,, OP^ (Art. 



(112) 



(J^,m^,ih)-h{l.m,n')=0, 

{h, m,,, n^) — k, {I, m, n) = 0, 
respectively. 

Draw any transversal, parallel to (/, m, »), meeting the Bucces- 
sive raya of the pencil in p\,pi,pt,pt, and (iBMoiWo) »n L. Then, 
(Art. 83. (103).), 

.. PlPt.PlPt 

PtPi ' PtPt 

p,L—psL . p,L—p,Z, 
~ PiL—p^L PiL—p^L 

~ h-K ' h-K ' 

and the other five ratios may be formed in a similar n 

' FoT p^L, p,L, ete. tite proportional to the lenjthi of the pwpentKculars 



(113) 
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93. From (113) it appears that the anharmonic ratios of the 
system of rays are independent of the constants in the equations 
of the given pair of lines {Iq, mo, »o)> (^> w, w). 

Hence, if there be another pencil of lines having for their 
equations 

{I'q, m'o, « o) — h i}\ w', n) = 0, 

(?o, «* 0, »'o) — h {l\ rn'y «') = 0, 

(^0, »»'o, n\) - h il\ »»', W) = 0, ^ ^ 

{J\, w'o, «'o) ~ h i}% vn't n') = 0, 

this pencil will have the same anharmonic ratios as that of the last 
Article; in other words, the equations (112) and (114) represent 
himogro/pMc systems. 

94. To find the condition that four straight lines which pass through 
the intersection of the pair of lines (/©, Wq, Wq), (/, m, n) should form 
a harmonic pencil. 

Let us employ the same notation as in Art. 92. The equation 
of harmonicism 

p.p» P1P4 , 
r^Pi • P3P4 ~ ' 

(Art. 87. (105).), becomes, by reason of (113), 

K\ ""~ AJj K\ ~~" fl/4 



K^ ^~ A3 A'3 —^ A'4 



= -1; (115) 



and, if this condition hold, the second and fourth lines of (114) 
will be harmonic conjugates with respect to the £rst and third. 

fromj7i,j7g, etc. upon (Zo,mo,»o), and therefore, as will now be shewn, to 
^i> *a> 6tc. respectively. 

Suppose 8 to be the length of the perpendicular upon (Z, m, n) from any 
point on the transversal. Then (Art. 46) the perpendicular from jp^ [(a, jS, 7) 

say] upon {I,. «.,,«;) = °{<„,J„.„„} = {Z„,^,.«4 ^- ^(ll^) first eq.] 

^ Um.«} faH.«.g + «T, ^ U «»■»»} 8;fc (^.47) = ck,. where 

{^0. '"o. »o} {'.">,»} {'o.»»o. »o} 

C u a constant for all points on the transversal. 
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95. To find the form of the equations of any pair of straight lines 
which a/re ha/rmonic conjtigates with respect to the given pair {Iq, m^^ Wq), 
(Z, m,n). 

Let (?o»^o» Wo)— ^(^»^> w) = (116) 

(Zo, Wo,Wo)— ^4(^>»^> w) = (117) 

be. the equations of the pair of coDJugates. 

Applying the condition (115) to the equations 

(?o, ^0, Wo) = 
(Zo, w^o. Wo)— ^(?, m, ») = 

(Z, w, w ) = 
(Zo,»eo»Wo)— ^4(Z, m, ») = 0, 

we find that (116) and (117) will represent harmonic conjugates 
with respect to the given lines provided that 



[ ^1 — «^2 . A?i — ^4 ^ 



Ar3 = oo 



or ^ = -— ^4 = ic (suppose). 

Hence /owr straight lines whose equations are of the form 

(/o»^o»Wo) = 

(/, w, « ) = ^ ^ 

(?o, »*o» Wo) + ic (/, w, » ) = 
(^o» w?o, Wo) — #f (^, w, » ) = 

/ofw « harmonic pencil, (118) «w(iJ (1^9) 5«t92|^ conjugate pairs* 

96. Cob. Since the equations 

(Zi, mi, «i) = 

(^2, ^2* W2) = 

/ia+Wii3+Wiy ^4-^2/34- W2y 

{/l,Wi, «i} - {^8, »ta,W2} "" ' 
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(Art. 62. (74).), are of the required form, we see that the internal 
and external bisectors of the angle included hy any pair of right lines 
are harmonic conjugates with respect to them. 

97. In the preceding Articles we have taken the most general 
case. It will be at once seen that the harmonic pencil formed by 
the lines ^ = 0, y = 0, ^ + y = 0, iS— y = 0, affords an instance of 
the theorem of Art. 96 : also that the pencil 

^ - % = 

/3-^y=0 

/3 — ^4y = 
is homographic with (112) and (114). 

98. To prove the harmonic properties of a complete quadrilateral. 
Let BiCx^ C1B2, B2C2, C2B1, be the sides of the tetragram; and 

Kg. 18. 



(120) 
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let Ai, A^\ JB^, B^y ^n ^2 ^6 the pairs of intersections of opposite 
sides ; also, let X, Y, Z be the points of intersection of the three 
diagonals. * 

Take A^B^Cx ^or the triangle of reference, and let the equations 
of its sides, taken in order, be a = 0, jS = 0, y = 0, respectively. 

Assume for the equations of the two diagonals XF, ZX 

la —mp = . . . {XT) 

Wy- la =0 . .. (ZX) 

respectively. The equation of ^2^2» the fourth side of the quadri- 
lateral, will be of the form ny — la+ kp^O; also of the form 
la — m^ + Iify =^ 0, (Art. 16) : and, identifying these two equations, 
we get k'=.m,k! -=. — w ; from either of which we find 

7a — w/3 — »y = . . . (B^C^) 

to be the equation required. Also, since the line AiX passes 
through the intersections of iS = with y = 0, and of XY{la-~m^ 
= 0) with ZX{ny—la-=.0), its equation will be of the form 
j3 + ^ = 0, or la— -mp + I^{ny-la) = ; and identifying, as be- 

nlif n 

fore, we eet ^ =^1, k= =— •- ; therefore the equation of 

» o » mm ^ 

^iXis 

w,9 — »y = . . . {AiX). 

Again, since Impasses through the intersections of ^3:= with 
y = 0, and of a = with B2C2 (/a — w3 — wy = 0), we obtain, by 
a similar process, for its equation, 

m/3 + wy=0 . . . (F^). 

Hence A^ Ci (/3 = 0), 

AC,{y = 0), 

AiX {mp — »y = 0), 
AiY {mfi + ny = 0), 

(Art. 95,) form a harmonic pencil, and Ci, C3, X, F are four har- 
monic points. 
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In tbe same way it may be shewn that 

{B, . A^A,, TZ), { C, . B,B^, XY} 

are harmonic pencils, and, consequently, 

{A,A,, YZl {B,B,, XY} 

harmonic ranges. 

The triangle XYZ is sometimes called the harmonic triangle, 
since its sides are harmonically divided by the pairs of points 
Ai, Ai ; Bi, J?2 ; Ci, Ci, respectively. 

99. The reader will observe that the harmonic properties of the 
quadrangle (or tetrastigm) are also established by the proof just 
given in the case of the quadrilateral. We have, therefore, as the 
result of Art. 98, the two following reciprocal theorems. 

(o) In every tetragram the three pairs of opposite intersections 
divide harmonicallg the three sides of the triangle determined hy their 
three lines of connection. 

(/3) In every tetrastigm the three pairs of opposite connectors 
divide harmonically the three angles of the triangle determined hy 
their three points of intersection, (Townsend*s "Modern Geo- 
metry," Art. 236.) 

HOMOGEAPHIC SYSTEMS OF POINTS AUTD LINES. 

1 00. Definition of homography, — Two rows of points on any axes 
(or pencils of rays from any centres), Px.PztPz^ . • . and j'l, q^j J's, . . ., 
are said to be homographic when they correspond in such a manner 
that the anharmonic ratios of any four points (or rays) of the one 
are equal to those of their four correspondents in the other. 
(Art. 84, note.) 

The homography of the two systems is expressed by the equation 

{P1P2P3 . . .} = {qiqzqs . . .} 

(or {0.piP2Pz...} = {0.qiqiq3,..}), 
but in the following Articles, for the sake of brevity, the former 
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uotation only will be used ; the student will have no difficulty in 
seeing where the latter is implied, and the ratios of segments may 
be replaced by the corresponding ratios of sines. 

101. Three pairs of corresponding points {or rays) a/re sufficient to 
determine two homographic systems; for if we suppose the three 
pairs ^i.j'i; p^^q^^ Pz^^z^ to be given, the correspondent q^ of any 
fourth point (or ray) p^ (taken in the first system) is known from 
the homographic relation 

{PiPiPzPi} = {M^qzqA} . (121) 

102. Point on either axis which corresponds to the point at infinity 
on the other. Let J, tT'be those points of two homographic systems 
{Pi^Pi^Pz • • •}» {^'i* $'2>3'3 • • •}» which correspond respectively to 
^ooiPaoy ^^® points at infinity on the two axes. 

We have, by the condition of homography (Art. 100), 

b>iP2Pzl} = {qiq2q3qaoh 

that is, PiPi . pil _ qjjz . q^q^ 

p^Pz Pil~~ q^ qz qi q^ 

q2qz 

Similarly, qiqz , qi^ PiPz 



(122) 



q^qz q^J p^pz 



(123) 



103. From (122) and (123) it appears that if the correspondent 
of the point at infinity on either axis, and two pairs of corresponding 
points, he given, the correspondent of any third point, takers on either 
axis, is known. 

104. If the points at infinity on the two axes correspond, the systems 
will he similar : for then 

{PiP^PzPoci } = {fi'ifl'afi'afi'oo }> 
whence p^ __ q^ 

PiPz ~ qi qz 
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or, i?3i?i qzqi 

Similarly, ^, ^ ^, ^^^ ^^^^^^^^^^ pjp, ^ ^, 

i^3^i {'aS'i P1P2 qiq^ 

Therefore p^p^ : p^p^ : p^p^ = g-a ^s : S'a S-i : qi S'2. 

And, conversely, ^A^ points at infinity on the axes of two similar 
homogra^hic systems correspond, 

COAXAL (OE CONCENTEIC) HOMOGEAPHIC SYSTEMS. 

105. Double points and lines. — In every system of two homographic 
rows on the same axis {or pencils of rays from a common centre) there 
exist two points (or rays)^ called double points {or rays), which a/re tlmr 
own correspondents. For suppose the two coaxal systems to be 
{P1P2PZ • • •}> {S'iS'23'3 • • •}• Since they are homographic, we have 

{P1P2P3 . . .} = {qiq2q3 • • •}. (124) 

Let /, f7'(Art. 102) be the points which correspond to the points 
at infinity p^j^ , q^ , and suppose ip to be a point which belongs to 
both systems and is its own correspondent ; we have by (124) 

{piPoQ M = {qi^q^ ^h 



or, 


Pii ^ pix qiqoo . qi^. 




p<x>^p<x>^ ^q<x> ' ^^ ' 


therefore 


PiX qiX 




Pil Jx 




PiX — pi qi 



PiX—p^J 
(by introducing an origin j^i), whence we get 



/'iH^ — {pJ-\-pJ)'PA + pJ'Piqi = 0, (125) 

a quadratic which determines two positions of x, its distance being 
measured from pi. 
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If C be the middle point of the segment IJy we have 

PiC- 2 ' 

and (125) becomes 



p,x\^ - 2p,C.p,x\ + pi/.Mi = 0. (126) 

There are therefore two double points (which we shall call 
P and Q), real or imaginary. They will manifestly be on opposite 
sides of the origin if piC= 0, that is, if the origin be at C the 
middle point oi IJ\ since their position will then (126) be given 
by the equation 



Cx\^-\- CI.CC'—% (127) 

in which (f is the correspondent of C, 

106. Hence the segments IJ and FQ are concentric. Also from 
(127) it appears that if CC'= 0, P and Q coincide in the point C, 

107. Any pair of correspondents {say pi, qi) divide PQ into seg- 
ments whose anharmonic ratios a/re constant, Eor since, by their 
definition, P and Q are their own correspondents, we have (124), 
from the homography of the systems, p2i q^ being any other pair 
of correspondents, 

{P1P2PQ} = {qiqiPQ}. 
PiP PiQ_9iP 91 Q 

in other words, the ratio 

PiP , PiQ 

qiP'qiQ 
is constant. 

108. From the theorem of the last Article it follows that, if one 

p P 

of the dottle points (Q, suppose) be at infinity ^ the ratio ■^-^, for any 

qi" 
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pair of correspondents pi, qi, is constant : that is to say, the systeyns 
are similar, 

OH INVOLimON. 

109. Definition of involution, — When two homographic coaxal rows 
(or concentric pencils) are such that every point {or roAJ) his the same 
correspondent y to whichever system it he regarded as belonging^ the two 
rows {or pencils) are said to form a system in involution, and the cor- 
responding constituents are called conjugates, 

110. Two pairs of conjugates are sufficient to determine a system, in 
involution. Por, if two points jpi, ^2, and their conjugates j'l, j'2» be 
given, the conjugate of any fifth point p^y is known (121) from the 
equation 

{Pi^iP^^t] = {2iPi^2Pz}' (128) 

111. It follows at once from (128) and the other similar equa- 
tions that any three pairs of conjugates of tico homographic rows {or 
pencils) in involution a/re connected by the following relation^ 



Pi9i 



Ihq^ . P^ _ - 



Pz^i P\92 p^qz 

(129) 



/ ^mp^qi sinpa^a «^^P\qz - \ 

or • -: = 1 ; 

\^ sm/Ja^i smpig-a sin/^afi'a J 



and conversely, when two homographic rows {or concentric pencils) are 
such that these relations hold between any three pairs of corresponding 
constituents^ the rows {or pencils) are in involution. 

112. Any pair of conjugates are harmonic conjugates with respect to 
the double points of the involution. For, since P, Q (Art. 105) are 
self-conjugates, we have, supposing pi, qi to be any pair of conju- 
gate points, 

{PigiPQ} = {9iPiPQ}f 

which shews (Art. 89. (108).) that px, qi are harmonic conjugates 
with respect to P and Q. 
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. (107).), if Cbe the point of biBection o 



113, Hence (Art. ( 
PQ, we have 

CP" = C(2" = 0», . Cj, = Qjj . Cjj = . . . = 

C is called the centre of the involution, and evidently, if circles be 

described on the eegments pig„ p^q^, /ijjj, ... as diameters, ihey will 

Fig.ie. 




that point on 
of the system 



all pass through the same two points, and C will b 
the line of centres through which the radical e 
passes. 

114, The results of Arts. 112, 113, afford definitions of involu- 
tion which are more convenient than the one given in Art. 109, 
since they admit of a simple geometrical interpretation by refer- 
ence to the well-known properties (L.) of harmonic points, (ii.) of 
a system of circles having a common radical axis. Thus any one 
of the following definitions might have been given. 



115. WJien three o 



e pairs of coUinear points {or concurrent 
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lines) are harmonic conjugates with respect to a fixed pair, they are 
said to form a row {or pencil) in involution, and the fi^ed pair are 
called the double points {or lines) of the system. 

116. Or, when three or more pairs of collinear points, pi, gi ; p2, ^2; 
i's* S'3 ; • • •» ^^ *^ situated with reference to a fixed point C on their 
common axis that 

Cpi . Cqi = Cpi. Cq2= Cpz. Cq^ = . . . 

= a constant 

= ±P(^say), (130) 

the points are said to he in involution, and the point C is called the 
centre of the system, the involution being said to be positive or nega- 
tive according as F is affected by the upper or lower sign. The 
double points P, Q, since they are given by the equation 

0x^ + 1^ = (131) 

(130), are equidistant from C and on opposite sides of it, and will 
be real or imaginary according as the involution is of the positive 
or negative kind. 

117. Or again ; if a system of three or more pairs of collinear points 
Pit S'l ; P2^ 3^2 > i'sj ?3 ; • • • be stcch that the circles described about the 
segments piqi^p^^^p^q^y , . , as diameters have a comm^m radical axis, 
the system is said to he in involution. The point C, in which the 
radical axis meets the axis of the collinear system, is called the centre 
of the involution, and the involution is said to be positive or negative 
according as the points p^p^iPzi • • . ct'fi^ their conjugates q^, q^, j'a, . . . 
lie on the same or on opposite sides of this central point. In the former 
case there a/re two points, P and Q,— viz. the limiting points of the 
system of circles (being, in fact, circles with infinitesimal radii) — 
equidistant from Cand on opposite sides of it, which, when con- 
sidered with reference to the collinear system, are their own conjugates, 
and are therefore called the double points of the involution. They a/re 
the points in which the a^is of the involution is met by the circle, of 
radius A; (131), which cuts the above system of circles orthogonally. In 
the latter case such double points do not exist, there being no points 
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belonging to the system which possess the property of being self- 
conjugate. 

In loth cases the centre C is the conjugate of the point at infinity, 

118. It will be observed that the definitions of Arts. 116, 117, 
do not apply to a system of lines in involution, which may be 
defined as in Arts. 109, 115. It is obvious, however, that any 
pencil of rays through an involution of points forms a system of 
lines in involution, of which the corresponding rays are those 
which pass through conjugate points. Also the rays which pass 
through the double points will be the double lines of the involu- 
tion. Similarly, a pencil of lines in involution is cut by any 
transversal in points which are also in involution. 

119. In a pencil of lines in involution there exist always two con- 
jugate rays which are at right angles to each other : for suppose jOj, qi; 
P2, q^', Pz^qzi to be pairs of conjugates of the involution in which 
the pencil is cut by any transversal, and let circles be described on 
the segments jOj g'l, Pa g'2j J's 2^3 ; these circles (Art. 113) will have 
a common radical axis. Let now that circle of the system be 
described which passes through the vertex O of the pencil, and let 
pqheiis intercept on the transversal : p^ q are evidently conjugates 
of the involution of points, and Op, Oq, consequently, conjugate 
rays of the given pencil. Also Op, Oq are rectangular, since pq is 
a diameter. 

120. If more than one pair of conjugates of a pencil in involution he 
rectangular, every pair will he so ; for then the vertex of the pencil 
is evidently one of the two common points of the system of circles 
described as explained in the last Article. 

121. From the definition given of involution in Art. 115 it ap- 
pears that straight lines whose equations a/re of the form 



{Iq, nio. Wo) -I- ki {I, m,n) = 

(132 



(4, Wo, Wo) + h{lfm,n) = ^^^^^ 



{lot mo, no) + Z3 (I, m,n) = ^^^ ^ 
= 



(134) 
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form a pencil which is in involution with the concentric homogra/phic 
pencil {Art, 93) represented hy th^ following equations^ 

{Iq, mo, Wo) — ki {I, w, n) = 0, 

(4, »»o» Wo) — h {I, ni,n) = 0, 
(4, »io, ^o) — ^ tt wi, ») = 0, 

= 0; 

the straight lines 

(?o» ^o» Wo) = 
{I, m, « ) = 

being the double lines of the system. For we have seen (Art. 95) 
that (132) and (133), taken in pairs, are harmonic conjugates with 
respect to (134). 

122. Similarly the straight lines 

/3+ y =0 

- '^ (135) 

/3 + X-2y=0 

=0 

form a system in involution of which 

/3 = 

(136) 

y = 

are the double lines, since each pair of (135) forms with (136) 
a harmonic pencil. 
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CHAPTER VI. 

THE GENERAL EQUATION OF THE SECOND DEGREE. 

123. We now proceed to discuss the trilirear equation of the 
second degree, the most general form of which (Art. 13) is 

<^(a,/3,y) = Aa"" + JB^^ + Cy" + 22>/3y + 21>ya + 2FaP = ; (137) 

and whenever, in this chapter, the equation <^(a, ft y) = 0, or the 
curve <^(a, j3, y) = 0, is spoken of, the reader will understand that 
the complete equation (137), or its locus, is intended. An investi- 
gation of various modified forms of the equation of the second 
degree will be found in the next chapter. 

124. To shew that the general eqttatton of the second degree always 

represents a conic section* 

It was shewn (Art. 13) that the general equation of the second 
degree, <^(a, /3, y) = 0, may be thrown into the polar form 

(138) 

Now, since (oq, ft, y©) may be any point and the direction-cosines 
(X, ft, v) may have any values whatever, this quadratic shews that 
if a straight line be drawn through a point (oq, ft, yo), in any direc- 
tion, it will meet the locus of <^(o, /3, y) = in two points, which are 
either real, coincident, or imaginary. 

Hence the locus of the general equation is a curve of the second 
degree, that is to say, a conic section. 

125. To find the conditions that the general equation of the 
second degree should represent a Hyperhola^ a Parahola, or an 
Ellipse. 
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From the equation (138) it appears that the directions of the 
asymptotes are given by the equation 

^(X,^,0 = 0, (139) 

or A\^ + Bn^+ Ci^ + 2Dnv + 2I!v\ + 2FXii = 0; 

whence, eliminating p by means of the relation 

«X + 5/i + (?i» = 0, 

we get, to determine the ratio X : /x, 

which, on arranging the terms, becomes 

(140) 

I^ow the roots of this equation are real and unequal, coincident, 
or imaginary, according as 

{F(?-Me-Dca+ Cahf = {A^^ Ca^-2Eca) ( CV'\-Bc'-2Dlc). 

This condition may be put into another form, for, multiplying 
out and dividing by ^, we get, after arranging the terms, 

{IP-BCy + {E^- CA)V + {F^-ABy 
+ 2{AB-FF)ho + 2{BE-FB)ca + 2( CF-BE)db = 0, 

that is (Prelim, chap. {B),) 

-(^V + BV + C'i? '\-2Bfle+ 2E'ca + 2F'ah) = ; 

or, according to the notation explained in Preliminary chap. {E), 

- <^(a, 5, c)' = (141) 
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or, "A' I 0. (142) 

Hence the equation <^(o, /3, y) =: represents a EJyperlolaf Parahola, 
or Ellipse^ according as 

<l>{a, h, c)' is negative, zero, or positive, 
or as ^ is positive, zero, or negative, 

126. ^tuition of the chord joining the two points (ai, ft, yi), 
(oa, /Sj, ya) on the conic <f>{a, ft y) = 0. 
The equation 

A{a-a{) (a-a3)+^(0~ft) (/3-ft)+ C(y-yO (y-y^) 
+ i>{(/3-ft)(y~y2)+(y-y0(i3-ft)}+^{(y-yi)(a-a0 

+ («-ai)(y-y2)}+i^{(a-ai)(/3-ft)+(/3-ft)(a-a3)}=^a2+J?ft 

+ Cy+2i>/3y+2JEya+2i^ai3, (143) 

is evidently satisfied by the co-ordinates of both the given points ; 
and is linear, since the higher terms disappear on expansion. 

It therefore represents the straight line on which the given 
points lie, and is the required equation of the chord of the conic. 

To find the eqitation of the tangent to the conic <f>{a, ft y) = at 

the point (ai,ft,yi). 

127. First method, — ^Writing ai, ft, yi for a^, ft, ya respectively in 
(143) (since this is the same as making the two points on the 
curve, through which the chord passes, coincident), we get for the 
equation of the tangent at (ai, ft, yi) 

Aa-a,y + ^0-ft)' + C{y-y,f + 2i)(/3~ft) (y-yO 

+ 2^(y-yO {a-a^) + 2F{a^a{) (0~ft) = Aa' + B^+ Cy' 

+ 2i)/3y + 2JEya + 2Fap J 
or, 

Aa,'+Bp,'+ Cy,^+2Dp,y,+2FY,a,+2Fa^, = 2{{Aa,+Fp,+FY,)a 
+ {Fa,+JBp,+Dy,)P+{Fa^+D3,+ Cy{)y}, (144) 
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(146) 



But the left-hand member of this equation vanishes, since (ai^Pi^yi) 
is on the curve ; we have therefore 

which may be written in the abbreviated form 
or again (Prelim, chap. (F),), thus, 

the expressions which form the left-hand members of these two 
last equations being identically the same. Other methods of find- 
ing the equation of the tangent will now be given. 

128. Second method, — Suppose 

la + mp + ny =0 (147) 

to be the equation of the tangent. 

Since it passes through the points (01,^1,71), (ai-J-(^i, ft+<?i3i, 
yi+(?yi), we have the two equations 

lai + mfii + wyi = 0, 
Idai + mdPi + ndyi = 0, 

which give, by cross multiplication, 

I _ m _ n 

(148) 



^1. 7i 
dpi, dyi 




dyi, dai 




dai, dPi 



Also, by Euler's Theorem of homogeneous functions, 
and, from the equation of the conic, 
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whence, as before, 






(d<t>\ (d<t>\ (dct>\ 
\daiJ __ Ufty _ \dyj 




ft» yi "" yii «i 

<?ft, dyi dyi, dai 


«i» ft 
(^1, dPi 


From (148) and (149) it follows that 




I m 


n 

• 



(149) 



flaj Wi/ wJ 



(150) 



and (147) becomes 

which is the required equation. 

129. Third method. — ^Taking the point (ai, ft, yi) as pole, we 
have (Art. 124) to determine r^ 

*<"->•+ {(S)»+(l)-+(g>l'-+*<-*"''=°- 

But, since the point (oj, ft, y{) is on the curve, 

^(ai» ft> yi) = ; 

and, if the radius vector be a tangent, both values of r will = at 
the point ; we must have, therefore, 



d<f>\ 



d(l> 



©>>Q.+©'=«- 



(161) 



Hence, since (Art. 12. (7).) X, ft, y are proportional to a-^ai, 
iS— ft, y— yi> respectively. 



d^ 

da 



■) ("-') + (t) (^-^•) + © ^y-y^'^ = «' (1^2) 
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or, by Euler's Theorem of homogeneous functions^ 
which is the equation of the tangent at (ai, j3i, yi). 



(153) 



130. To determine the direction-cosines of the tangent, we have 
(Art. 129. (151).) 



and the relation 



whence 



(g)>+(i>+(g)'=«. 



a\ + hfi + cn = 0: 



\dfij' \dyj 
h, c 



t?yi/ \daj \daj^ \d^i 



d^ 
,dy^ 

e. a 



a. 



and the symmetrical equations of the tangent may be formed 
at once. 

131. To find the condition that the straight line (lyin, n) should 

touch the conic <^(a, fi, y) = 0. 

Let (on/Snyi) be the point of contact. We must have (Art. 
127. (145).) 



(d^\ (d^\ (d^\ 
\daj __ Uft/ _ Uyi/ _ _ 
I ^ m ^ n 



k (suppose). 



(154) 



Therefore 



Also 



Aai + Ffi^ + 1^1+ Ik =zO, 

Fa, + 2)i3i + CVi + nkz=zO. 
loi + mpi + nyi = 0, 
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from the equation of the tangent. "Whence, eliminating au/Sij-yi 
and k, we get for the required condition 



A, F, U, I 

F, JB, D, m 

F, D, C, n 

I, m, n, 



= 0; 



(155) 



that is (Prelim, chap, {F),) 



ir = 0, 



or, 



<I>{1, m, n)' = 0. 



(156) 1 
(157) 



Cob. Hence it appears (Art. 125) that every parahola touches the 
straight line at infinity. 



132, To find the equation of the normal to the conic </>(a, ft y) = 

at the point (oi, ft, yi). 

The equation of the tangent at the given point (Art. 127) is 



d(f> 



(g)«+Q^+(g)-»- 



^\ _ 



Hence the equations of the normal, which is a perpendicular to the 
tangent through the point, are (Art. 75. (88).) 



a — ai 



/S-^i 



(t)-(t)--s)-- m-m---m-"' 



y— yi 



\^\) \daj \dfii/ 



!cos^ 



(168) 



133. Hence also (Art. 76. (93).) the equation of the normal at 
(ouftj-yi) in the homogeneous form is 
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a, ai, 



(g)-(S)—(: 




\daj 






S>°«^- 




C08-B 



COS C 



COS A 



= 0. (159) 



134. To find the equation ofthepola/r of tlte point (ai,jSi,yi) with 

respect to the conic ^(a, j3, y) = 0. 

Let (a,, /3„ y,), (as, ft, yj) be the points of contact of tangents to 
the curve through (ai, jSj, 71). 

The equations of the tangents at the points (a„ ft, 72)1 (03, ft, ya) 
(Art. 127) are 



'# 



(S)««+(|)'^^+(?)^^=^' 



^\ _ 



and, since the point (ai, ft, yi) lies on both tangents, we have 

'd<b\ fdd>\ fd(h\ 



and 

which shew that 



(g>3+(|> + (|)r3 = 0; 



# 



d4>\ 



©•+(g)^+o-» 



(160) 



is the equation of the line on which the two points of contact lie, 
and therefore represents the polar of the point (oi, ^i, yi). 

135. If the polar be defined as the locus of points whose dis- 
tances from (oi, ft, yi) are harmonic means between the radii vec- 
tores drawn from that point, in the same direction, to the curve, 
the following method may be employed. 
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The equation of the conic referred to the given point as pole is 

<^(X.^,.)r-+{(g)x+QM+(g).jr + ^(a.ft,yO = 0; 

and if JS be the Harmonic mean between the roots of this equation, 
we shall have 

*i©^+(t)'+(g)'}+^(-A.'.)=»' 

or, since E\ = a— oi, Bfi = /S— A, Bv = y— yi (Art. 12. (7).), 

= 0, by Euler's Theorem. 

136. To find the pole of the straight line {li, mi, »i) with respect 

to the conic ^(a, ft y) = 0. 

If (oi, ^1, yi) be the co-ordinates of the pole, we must have, by 
equation (160) 

/^\ /^\ fd^\ 

W ^ W ^ W = - ;& (suppose) : (161) 

li mi Wi 

that is, Aai + Fpi + jEy^ + lik = 0, 

Fai + Bpi + i>yi + ^1^ = 0, (162) 

-Eai + J9ft + Cyi + ^1^ = J 

these, with the equation 

aai + hPi + Cyi=: 28, 

completely determine the values of (oi, jSj, yi). (See Art. 137.) 

137. To find the co-ordinates of the centre of the conic <f>{a, ft y) = 0. 

Let (o, ft y) be the co-ordinates of the centre ; the polar equa- 
tion of the conic, referred to this point, will (Art. 13) be 
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(163) 

Hence, as the two values of r must be, for any direction, equal in 
magnitude but of opposite sign, we must have 



(S)^+(3)'^(S>=«- 



(164) 



where X, fi, v are not independent but connected by the relation 

«X + J/* + <?v = 0. . (165) 

Now (164) and (165) are true simultaneously for all values of 
X, fi, p : they give therefore 



(^\ i^\ m m^ m-^ m 

a ^ b " e "^ aa+b^ + cy 



Yr 



_■ »(°. ft y) . 
~ s 



(166) 



(Prelim, chap. {A\ and Euler's Theorem). 
Equations (166) may be written 



2^ 



i^a + ^^ + i>^-5*^) = 0, 



Ua + l)p+ Cy — e 



2S 

*(«» A y) 



(167) 



2^ 



= 0; 



whence we get (Prelim, chap. (jE').) 



a 




^ 




y 


— 


^(». ft y) 

2S 


F,E,a 
B,D,h 
i), C,e 





A,JE, a 
F,B,l 




A,F,a 
F,B,l 
E,D,e 




A,F,E 
F,B,D 
F,I), C 



(168) 
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138. Equations (168) of the last Article may be put into the 
form 



<^(«> ^> y) 



a 




iS 




y 




2S 


a,F,JE 




A, a, E 




A,F,a 




A.F.F 


h,JB,J) 




F,h,D 




F,B,h 




F,B,D 


c, 2>, C 




JS, c, C 




EyD, c 




F,D, C 



(169) 



or, if we expand the determinants in terms of their first minors 
and write A for the denominator of the last member of (169), 



/3 



aA'+bF'+ei:' 



_. y __ ^(°> ft y) 

(PreUm. chap. (^).) ; (170) 



also = 



aa+hp'+cy 



28 



A'a^+£'h'+ C'(^+2mc+2F'ca+2F'ah 

28 
—^ (Prelim, chap. (^).), 



<t){a, h, c)' 

(171) 



whence 



^(„, P,y) = - 45' ^ ; 



(172) 



a relation which will be useM hereafter. 



139. A comparison of (166) with the equations (161) of Art. 136 
shews that in every conic the centre is the pole of the straight line at 
infinity (Art. 52). And in finding the co-ordinates of the centre 
of the conic ^(o, /3, 7) = 0, the student may, if he please, start with 
this property of the centre, and, deducing the equations (167) as 
in Art. 136, proceed as in the last Article. 

Again, since (Art. 125. (142).) ^ = when the conic is a 

parabola, it appears from (171) that the centre of a parabola lies on 
the straight line at infinity. 

140. To find the equation of the pair of tangents which may he 
draum to the conic ^(a, j3, y) = 0, through the point (oo, i3o» yo)- 
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The equation 

gives the length of the radius vector drawn to the curve in any 
direction from the given point. It will have equal roots, and the 
radius vector, whose equation is 

will touch the curve, provided that 

[(g)^+(|>+(S>T=^*(°<"^«'>)*(^"*"')- (»7^) 

Hence, substituting for X,fi, v from (173), we get for the equa- 
tion of the pair of tangents through (oo, Po, yo) 

[©("-) +(!)(*-« +©(-«)]• 

= 4(^(ao, 00. yo) 0(0— <Jo. i3— A), y— yo) (1 76) 

= 4^(a„, A,, yo) |^0(a, A y)- j ^J^o, 
which becomes, since, by Euler's Theorem, 

(s;)*+(a)*"'"(s?.)'' =^«"i^'A 

[©■■+(|)^+(?>]'=**<-«.-)*<-«-r><™) 

The form of (176) shews (Art. 170. (C).) that its locus is a curve 
of the second order having double contact with the conic <^(o, p, y) 
= at the points where it is met by the polar of (oo, /3o» To)* 



+ 
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141. Equation (176) of the last Article may be written in the 
form 

-2(-F'7^+ C"ao0o-^'^oyo~^yoao)a^ = 0. (17 

142. To find the locus of the point of intersection of tangents to the 
conic <l>{a, jS, y) = which cut each other at right angles. 

Equation (174) of Art. 140 gives a relation between the direc- 
tion-cosines of the pair of tangents which can be drawn to the 
curve through the point (qq, Po, yo) : but these, if the tangents inter- 
sect at right angles, must (Art. 33) be of the form (cos^, cos^i, 
cos Ci), (sin ai, sin hi, sin Ci) ; hence we shall have 

L\^/^^® ^ "^ Wo/ ^^^' "*" Wo/ ^^ ^'J ~ ^ *^"°' ^"' ^"^ '-^ ^°® '^' 



<dyo 
+ B cos^^i -|- C7cos \ + 21) cos ^i cos Ci + &c. . .], 



and 



-|- B sin ^i -|- Csin^ -|- 22) sin 3i sin c^ + &c. . ,] ; 

adding (Art. 30. (22).), and omitting the suffixes, we get for the 
equation of the locus 

(gr-(S)"-(?)'-<s)0--Ki)(g)-- 

-.2(^)(J)c08C7=:4^(a,^,y)[^+-B-hC-22>COS^ 

-2jE'cos^-2 J^cos C]. (178) 

143. The equation of the last Article may also be written in 
the form 
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(^ + C7' + 21/ COS A)a!' +{C' +A' + 2JE" cos JB)0'+ {A' +B' 
+21^ cos C)y*— 2(J7-^' cos A+r cos B+JE' cos C)^-2{E 
—ffcosB+D'cos 67+i^cos^)ya-2(i^-C"cos 67+^cos^ 

+iy cos B)afi = 0. (179) 

This, therefore, is the equation of the director of the conic 
^(a, j3, y) = 0; and will be found to satisfy the condition for 
a circle. (See Art. 149.) 

144. To find the equation of the asymptotes of the conic ^(a,j3,y)=0. 

The asymptotes being a pair of tangents which have the line 
at infinity for their chord of contact, their equation must be of 
the form 

= 4;&^^ 

Since they pass through the centre of the curve, we have, ^ 

<^(a,3,7) = 4^^2; 

and consequently their equation is 

*(a, /3, y) = *(a, ft 7). (180) 

This equation may be written in the homogeneous form 

4^^ <^(a, /3, y) = *(a, ft y) {oa+hp+OyY; (181) 

or, again (Art. 138. (172).), 

"A^ <^(a, ft y) + A («a + ^/3 + cyY = 0. (182) 



c 



145. Equation (180) of the last Article may of course be ob- 
tained directly from the polar equation of the conic. For, as in 
Art. 125, we have the directions of the asymptotes given by the 
equation 

^(X,,i,v) = 0; 
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hence their equation is 

4>{a'-a, P—^, y— y) = 0, 
or 

(183) 
But, since (a, ft y) is the centre, we have (Art. 137. (164).) 

'd<fi\ f^\ f^\ 



(2)>+(3)'+(|)'=«- 



" (I) <"-)H3)<«-«+(g) <'-''=»■ 

that is, 



{%Mf)Ht)'H%)H^)^ 



= 2 </>(a, i3, y), by Euler's Theorem ; 
and (183) becomes, 

^(a> P» y) = ^(a> ^» y)- 



146. To find the condition that the eqyMion ^(o, jS, y) = may 

represent a pair of right lines. 

Let (a, jS, y) be the point of intersection of the two lines. This 
point being the centre of the conic, and therefore the pole of the 
line at infinity, we have, as in Art. 136. (161), 

d<fi\ fd<fi\ /d(f>\ 

— = -^ = -^ = ^!^iAy}. (184) 

a b c S 

But, in this case, the centre lies on the conic ; so that 

^(«; ft y) = ^9 



DISCMMINANT OF THE EQUATION. 



79 



and we must have simultaneously 

(S)=»'(l)=«-(f) 



that IS to say, 



-Fo + ^^ + zv = 0, 

^o + i)^+ CV = 0; 

and the condition that these should co-exist is 

A, F,E 



= 0j 



(186) 



(186) 



or, (Prelim, chap. (-D),) 



F, B.JD =0, 
A = 0. 



(187) 



(188) 



147. The condition of the last Article may be otherwise ob- 
tained, as follows. If <^(a, i9, y) = represents a pair of right 
lines, </>(a, jS, y) must be the product of two linear factors u and v 
(suppose) : so that 

^(a> A y) = wt? = 0, 
and we shall have 

\(la J \^J y*^ J 

fd^\ fdv\ fdu\ 

whence it appears that any values of a, ^3, y which satisfy w = 0, 
i; = simultaneously, will also make 



'd(t> 



d<ti' 



m = (I) = (?) = ». 
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and we obtain, as before, 

A = 0. 

148. To find the condition that the equation ^(a, j3, y) = should 

represent a parabola. 

If the conic be a parabola, the straight line at infinity 

aa+hp + cy=iO (189) 

is a tangent to it (Art. 131. Cor.). Let (oj, ft, yi) be the point of 
contact. We shall have (Art. 131. (154).) 



k (say). 



(d^\ (d^\ (d^\ 

\daj _ \dpj _ \dyj _ _ 

a b c 

whence Aai + FPi + jEyi + ai = 0, 

Fa^ + BPi + 2>yi+ W = 0, 
Eai +DPi+ Cyi + ci = 0, 
also by (189) aai + ift + cy^ =0: 

and eliminating a^ j3i, yi between these equations we have for the 
required condition 

•A^ = 0, (190) 

which (Prelim, chap. {jE).) may also be written in the form 

<f>{a, by e)' = 0. (191) 



149. To find the conditions that the equation (f>{a, 3, y) = 

mai/ represent a circle. 

The polar equation of the conic, referred to the centre, since the 
co-efficient of r vanishes, gives 

<^(X,;*,y)f^=-^(a,fty) (192) 

= a constant. 
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Hence, if p^, po, py be the lengths of the semi-diameters respec- 
tively parallel to the three sides of the triangle of reference, we 
shall have 

0(0, — sinC, sm£)pl = ^(sinC?, 0, — sin-4)p| = <^(— sinJ5,8iiL4,0W . 

(193) 
But, in the case of the circle, 

Pa = Pp = Py' 

hence we have for the required conditions, 

0(0, —sin C7,8in5) =. 0(sin C, 0,— sin-4) = 0(— sin^B, sin -4, 0). 

(194) 

Or, if we write them at full length, 

^8in'67+ (7sin2^-22>8in^sint7= asin2^+^8in2a-2^sinC8in^ 

= ^sin2^+j&sin2^-.2i^sin^sin^. (195) 

150. To find the condition that the equation 0(o, ft y) = %hyM 

represent a rectangular hyperhola* 

The directions of the asymptotes (Art. 125) are given by the 
equation 

0(X, /i, v) = 0. 

But if these are mutually perpendicular, the two sets of values 
for X, ft, V, given by this equation, will be (Art. 33) of the form 
(cos Oi, cos ^1, cos ^i) and (sin ai, sin hi, sin c^. 

Hence 0(cos ^i, cos ^i, cos ^i) = 0, 

^(sin «!, sin Ji, sin ^i) = ; 

adding and remembering the relations (22) of Art. 30, we get, as 
in Art. 72, 

A-\'B+ C-2J)co9A--2i:co8B-2FcosC=0 (196) 
for the required condition. 

G 
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151. To find the conditions that two conies whose eqtiations are 
0(a, /3, y) = 0, /(a, jS, y) = 0, should he similar and similarly 
situated. 

Let p^f pp, p and r^, r^, r be the central radii vectores of the 

two conies, drawn parallel to the sides of the triangle of reference : 
we have, as in (193) Art. 149, 

0(0, —sin (7, sini?)/3^ = 0(sinC, 0, —smA)p^ = <^(— sin^,sin^,0)/[>^ ; 

/(O, -sinCsinByi =/(8in(7, 0, - 8in^y| =/(-sini?,8in^, 0)rj. 

But, if the two conies are similar and similarly situated, we must 
have 

^ = ^= ^: 

^a ^P ^ ' 

hence the required condition is 

0(0, —sin C, sini?) __ 0(sin (7, 0,— sin^) _ 0(— sin^, sin^, 0) . 
/(O, -sin 6', sin i^) ~/(sin C,0, -sin^) ~ /(- sin B, sin A, 0) ' 

(197) 

in other words, the quantities 

^8in-67+ Csin2^-2i)sin^sinC, 

Csin^A+A sin^C- 2^sin Csin-^, 

and ^8in^^ + -5sin^-4 — 2i<'sin^sin^, 

must be to each other in a constant ratio. 

152. To find the direction of the axis of the parabola whose 

equation is 0(a, /3, y) = 0. 

The equation 

{Ac'+ Ca^-2i:cay+2{F(P-'Mc-J)ca- Cah)\p, + {CP+£c'-2mc)fx'=0 

(Art. 125. (140).) gives the value of the ratio X: /i for the direc- 
tions of the asymptotes. 
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If <^(a, j3, y) = be a parabola, the asymptotes will be co-incident 
and in the direction of the principal diameter, and the above 
equation will give 



(198) 

the last member following by symmetry. 

These equations, therefore, determine the direction of the axis of 
the parabola. 

153. To find the equation of the circle, of radius p, whose 
ce7itre is at the poi7it (a, j3, y). 
Let (a, j8, y) be any point on the curve ; then, since its dis- 
tance from the centre (a, jS, y) is constant and = p, we have 

(Art. 45. (48).) • 

A Cf2 2 

«(3-|) (y-y)+*(y-y) {a-a)+c{a-a) (^-^) + -^ = ; 

which is the required equation. 

154. To find the radius of the circle whose equation is <^(a,/3,y) = 0. 

The length of the central radius vector of a conic, in any direc- 
tion (X, /i, v) is given (192), (172), by the equation 

= 4/Sf' A. (200) 



c 



If therefore ^i, r^ be the lengths of any two radii (cos <7i, cos Jj, 
cos Cy), (sin tti, sin Ji, sin ^i), which are at right angles to each other, 
we shall have 

<J>(COS <h, COS 6i, COS «,) = „^ ■ -^t 

c 

and ^(sin Cj, sm 6„ sin e{) — -^;- • -^ , 
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whence, adding, we get 

4 Sf^ A r 1 1 ~1 
-4+^+C7-2i)cos^-2^cos^-2i^cos C= —^ -^ + -^U 

c 

(201) 

a relation which holds for any pair of rectangular central radii of 
a conic. 

But, in the case of a circle, 

ri = r2 = p (suppose). 

Hence the radius of the circle ^(a, j8, y) = is given by the 
equation 



1 W 

— = g^^[^+^+(7— 2i)cos^— 2£co8^-2i^cosC]. 

(202) 

155. From equation (201) the condition for a rectangular hyper- 
bola (Art. 150. (196).) may be easily deduced. Making y^= — r? 
(since one pair of the principal semi-axes is imaginary), we get 

A + B+ C—2DC08A — 2jE'cos^ - 2i?'cos C= 0. (203) 

156. To find the a/rea of the circle whose eqtcatton is ^(a, p^y) = 0. 
Using the value of the radius given in (202), we have ; — 

Area of © = Trp' 

= aA6 [^-t-^+C-2i>cos^-2^co8^-2i?'cosC]-^ 

(204) 

157. To find the equation of the diameter which bisects all chords 

whose direction cosines are X, ft, v. 

If (oo, /3o, yo) be ani/ point, its distance from the curve in any 
direction is determined by the quadratic » 

<^(\, /., -) ^ + j (^)ao + (^)/3„ + (^)yo j r + <}>{ao,Po,yo) = 0. 
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If therefore (oq, Po, yo) ^^ the middle point of a chord of the given 
system, we must have 



(l)'^+(2)^+(?>»=«- 



Hence (oo, Po, yo) lies on the right line whose equation is 



l)"+(g)^+(t)'=«= 



(205) 



this therefore is the equation of the diameter or locus of middle 
points. 



Cos. I. Hence 



d4 



d(t> 



d(t>\ __ 



©"+(£)^+(?)'=» 



(206) 



is the equation of the diameter which is conjugate to 



q — q _ ^— ^ __ y — y _ ^ 

X It V 



(207) 



Cob. II. Its direction-cosines being formed as in Art. 40, we 
may write the equation of the diameter which is conjugate to 



a — a ^ — )3 y — y 



(208) 



in the symmetrical form 



a — a 



/3-/3 



fd^\ fdf 
\du.r \dv^ 



__ y— y 



a 



(d^ (df\ 
\dpJ'\d\J 



a. 



'd^\ (df\ 
.dk)' [dfij 



(209) 



Cob. III. Again, it follows from Art. 157, that two straight 
lines, whose equations are of the form 



la+ mp + fly =^ 



(210) 



86 



TRILINEAR CO-ORDINATES. 



and 



h, c 
w, n 






c, a 



d^ 
d^ 



+ 



tty h /d<l> 
I, m \\dy 



(g)=». (^"' 



are parallel to conjugate diameters. 



158. To find the condition that the straight lines (Xi, ^i, I'l), 
(Xj, M2> "2) ^^y he parallel to conjugate diameters of the conic 
</>(«, ft y) = 0. 

It was shewn in the last Article that the straight line 



(S)"+(g>+(S)-» 



is conjugate to (Xj, ^1, vi). Hence we have 

I2 m^ n^ 



ld^\ (d^)" (d^\ 
\d\J \dfij \dvj 



, (Art. 29,) 



and the relation 



4X2 + nicip^ + ^2^2 = (Art. 31. (26).) 



becomes 



(f>+(|;)'^+©''^=«' 



(212) 



which is the required condition, and may be written 



.4X1X2+ ^^l/A2+ CviF2+i>(/XiV2+ /iaVi) + ^(1^1X2+ V2X1) + i^Xi/i2+ Xjfii) = . 

(213) 

159. To find the condition that the straight lines {li^mx^n^ij^jm^n^ 
may he parallel to conjugate diameters of the conic ^(a, /3, y) = 0. 

Let (Xi, ^1, vi) be the direction-cosines of (Zj, m^, w,) : then, if 
(?2jWi2,W2) be conjugate to it, its equation (Art. 157. (205).) must be 



(g).+(t>+(i)-»- 
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We must have, therefore, 



/^\ /dr\ ff!^\ 



k 



m. 



n^ 



= — k (suppose). 



Hence, 



we also have 






= 0, 
= 0, 
= 0; 
= 0, (Art. 31. (2G).). 



And, eliminating \\^ii\^vx and h between these equations, we get 
for the required condition 



A^ Fy E, k 
F, Ji, J), Wj 
F, J), C, nj 

/i, w„ ni, 



= 0. 



(214) 



If this determinant be expanded it will be found to be 

4'/i/j+7/miWa+ (7\na+2>'(w,na+jWaWi)+ JS''(«i7j4-W2/i) + i^(/iWaH-7,^^ 

(215) 

160. To find the equation of the principal axes of the 

conic <t){a, i9, y) = 0. 

The principal axes may bo regarded as the locus of points whose 
polars are perpendicular to the lines joining those points to the 
centre. 

Let (fli, ft, yi) be a point on the axes. Tlie polar of (aj, ft, y^) 
has for its equation (Art. 131) 



(S,). + (^)« + (|)r=«. 



and the equation of the right line joining {ai,Pi,yi) to the centre is 
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a + 






P + 



a, ^ 



7 = 0; 



and the condition that these should be perpendicular is (Art. 
71. (85).) 



f(g)-(S><'-(|)«"Bj 



^.y 



+ 



m 



-(|>--(S>-! ?M(S)-(g)»- 



-©-- ! 



yi> oi 

y, a 

On ft 
a, ^ 



= 0; 



(216) 



whence, suppressing the suffixes and using the determinant form, 
we have for the equation of the locus 



(3) "^ ^ 

i)-(s)»- 



da 

d^ 

\dy 



-(g) 



COS -5, 






-(S)^^^^' 

(S)'"'^' 



i3, 



i3, 



y» y> 



= 0.(217) 



161. The equation of the axes may be obtained directly in the 
form of a determinant, as follows. 

Let (/, m, n) be an axis and let (ai, ft, yi) be a point on it ; then, 
since the centre (a, ft y) also lies upon it, we have 



and 



hi + mpi + Wyi = 0, 
la + mP + fly =0. 



(218) 
(219) 



If {I, m, n) be perpendicular to the polar of (oi, ft, yi), whose 
equation is 



(S"^(t)«- (§>="• 
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we must have (Arts. 69. 42) 
I 



[m-ith^-m-A 



+••!( 






COS A 



(220) 

and, eliminating I, m, n between (218), (219), and (220), and sup- 
pressing the sufl&xes, we get for the equation of the locus 



a, a, 



P, /3, 



r» y> 









dy 

^ I cos 5- 

Ma 



cosB 



cos C 



COB A 



= 0. (221) 



162. To find the lengths of the semi-axes of the conic (fi{a^ jS, y) = 0. 

The length of the central radius, in any direction (X, /*, v\ is 
given (Art. 149. (192).) by the equation 



p h 9(a., ti, v) = 0, 

or, since (Art. 138. (172).) <^(a, j8, y ) = - 



4/S^A 



«A" 

e 



F~» 



by 






(222) 



c 

and we have to make -^ a maximum or minimum ; X, /i, i; being 

connected by the relations (Art. 37), 

4/S* 
a cos ^X^ + h cos ^/i^ + c cos 67^^ = -— , (223) 

a\ + hfi + cv = 0. (224) 
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Let then 

C^= (^X" + Bfi^ + Cv'''\-2Biiv + 2Ev\ + 2FX/i)-P(flcos^X' 
+ h cos Bfj? 4- c cos (7^2) + 2 Q{a\ + V + ^O* 

where P and Q are indeterminate multigliers ; differentiating we 
have 

^BU= (i=i{{A'-Paco%A)\-\'Fii-\'Ev+aQ}dk-\'{{B—PhQO%B)ii 

and therefore, simultaneously, 

{A— Pa co8A)\ + Ffi+Eu+aQ=:0, 
F\+{B-Ph cos B)fi + Bv+hQ=: 0, (225) 

jE\ + BfjL+ {C— Pecos C)v + <?Q = 0. 

Multiplying the equations (225) by X, ^, v respectively and adding, 
we get, by means of (223) and (224), 

—^ = <^(X, f., v). (226) 

Hence, by (222), p = ^ . ^^ (227) 

e 

and, substituting this value for P and eliminating X, ft, v and Q 
from (225) and (224), we get 

K ale ^ „ „ 

^— ^--^fl^cos^, F, E, a 



^' ^"^'"-^'hcosB. B, h 

c 

^ A ahe ^ 

E, B, C-^'-^ecosC, c 

c 

a, h, c, 



= 0, 



(228) 
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a quadratic in -3 which gives the lengths of the principal semi- 
diameters. 

163. To find the area of the conic ^(a, jS, y) = 0. 

Mr. Ferrers has deduced the area of the conic from the equation 
(228) of the last Article. If we expand the determinant, and, for 
convenience, write (^), (^), ( C\ for its diagonal elements, this 
quadratic becomes 



(^) 



{B),l), I 




F, E, a 




F, E, a 




F, E, a 


D, {€), c 


-F 


B, {C), c 


JrF 


(-B), A h 


— a 


{B), B, I 


h, e, 




h, c, 




h, c, 




B, {C),c 



= 0, 



or, 

{A){-{B)(r-{'2Dhc-'{Cy}-F{-'F(^'\-Dca-\-Ebc-{C)a'b} 
+E{-Fhc-{-{JB)ca-\-EP-Dah}-'a{FDc-{C)Fb 
+ {JB){C)a-{B)Ec'\-2)Eb-I]^a} = 0; 
or, if we collect only the constant terms and those which involve 
— , and make the necessary reductions, 

- {A' a^+JB'P+C'c'+2iyhc+2E'ca+2F ah) + etc 

that is (Prelim, chap. {E),), 

«A»+ etc. (2aboS^J^ = 0. 

c 

Hence if -j, -^ be the roots of this quadratic, we have ; — 

Pi P2 

Area of the conic = irpip^ 

2'rraahcS A 
• "~ L°A'J| 



= 0; 



(229) 



(230) 
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CHAPTER VII. 

INTERPRETATION OP PARTICULAR FORMS OF THE EQUATION 

OF THE SECX)ND DEGREE. 

164. The present chapter will be devoted to the consideration 
of particular forms of the trilinear equation of the second order. 
We commence with those which occur in the subjoined list : 

S,-kS2=^0, (A) 

^1 - Mu = 0, {B) 

Si-ku'^zO, (C7) 

Si- ku = 0, {J)) 

Si- l^ = 0, {E) 

vw — ktu = 0, (F) 

vw — ku = 0, (H) 
vw- P =0. {J) 

In these, k is any constant and Si=.0, /S^j = represent any 
two conies ; t=:0, u=iO, v^=0, w=.0 are the abridged forms of 
the homogeneous equations of four straight lines (Ji, i^i, n^), 
{h> ^hi '{2)9 • . • • in which the co-efficients may have any possible 
values. 



165. Of the above forms, which will be examined in order, the 
second, third, fourth and fifth are successively derivable from the 
first, and the remainder from these, in a manner which will be 
understood as we proceed. 



SYSTEM OF CONICS THUOUGH FOUR POINTS. 
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(A). 



S,-kS^=zO 



Fig. 20. 




is evidently satisfied by any values of a, ^, y which satisfy Sj = 

and ^'2 = simultaneously. It therefore 

represents a conic (or, if Is varies, a system 

of conies) passing through the four points 

of intersection, whether real, coincident, or 

imaginary, of Si and S^. Such a curve is 

indicated by the dotted line in the figure. 1 >^ / 1 ^ 

166. If the conditions of the last Chapter \^ ' --•.^J 
(Art. 125) be applied to this equation, it 

will appear that it represents a hyperbola, an ellipse, or a parabola, 
according as 

Ai — kAi, Fi — IcF^, El — IcJE^y a 

Fi - kF^, Bi — X-i?2, A — ^Af * 

Fi - kE^, Bi - kl)^, Ci-kC^y c 

a, h, c, 

is positive, zero, or negative. Its locus will be a pair of right lines 
(Art. 146) if * 

Ai ~ kA^y Fi - kF^, El -kE^ 

Fi'-kF^y Bi-kB2.Di-kD<i =0. (231) 

El — kEi, Bi - kB^, Ci —kC^ 

In like manner the condition for a circular locus (Art. 149) is 
easily applied. 

167. The cubic (231), when the determinant is expanded 
(Prelim, chap, (i)),) becomes 

{AiBiCi)--{{A,BiCi)+{AiB,Ci)+AiBiC,)}k+{{AiB,C,) 

+{A,BiC,)+{A2B^Ci)}l^-'{A^B,C,)k' = 0. (232) 

* It is assumed that 

S^ = A^a^ + JB^iSa + Ci7« + 2B^Sy + 2E^'ya + 2F^aB = 0, 
and S^ = A^a^ + B^fi^ + C^y^ + 2D^fiy + 2B^ya + 2F^afi = 0. 
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Let Xj, ^2> ^3 ^e the roots of this equation ; then it is manifest 
that 

Si — ^182 = 0, 

Si - k^Si = 0, (233) 

Si — k^Sz = 0, 

are the equations of the three pairs of chords of intersection of 
the conies ^1 = 0, 82 = 0, and, therefore, of the whole system 
represented by the equation 

Si-kS2 = 0. 

168. Now all this will be true if either ^1 or S2, or both, be 
resolvable into linear factors ; that is to say, if one or both of the 
conies degenerate into a pair of right lines. Should a factor be of 
the form aa + h^ + cy, or, which is the same thing (Art. 3. (1).). 
a constant quantity, one of the right lines will be at an infinite 
distance (Art. 52). If the factors be identical, the pair of lines 
will be coincident. 

169. First suppose the conic S2 to consist of two right lines 
(Zi, mi, Wi), (I2, ^2, W2), whose equations in their abridged forms are 
^ = 0, w = ; the above equation becomes 



{B). 



Si — ktu = 0, 



which, therefore, represents a system 
of conies passing through the four 
points of intersection of these two right 
lines with the conic Si (fig. 21). In 
this case t and u are two of the conunon 
chords ; one root, therefore, of the 
cubic (232) will be infinite, and, as we 
should expect (Art. 146), (^2^2 ^2) =0. 

170. !N"ext let the two right lines, of 
which S2 is composed, coincide. Making 
^ = w, we have 
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Fig. 22. 




whose locus is, therefore, a system of conies 
passing the two pairs of coincident points 
in which u meets the conic Si, and, there- 
fore, having double contact with Si at the 
extremities of the chord w = (fig. 22). 

171. It is obvious, from an inspection 
of the figure, that two out of the three pairs of chords common 
to ^1, ^2 (Art. 167. (233).) have now come into coincidence with 
the chord of contact w, and the remaining pair become tangents at 
its extremities. The cubic (232) will have two infinite roots, and 
therefore both {A^B^C^) = and {AiB^C^) + {A2B1C2) + {A^B^Ci) 
— : the latter being true independently of the values of Ai,Bi, Ci, 
etc. . . ., we must have the first minors of the determinant {A^B^C^ 
aU = 0; that is B^C^—Ifi = 0, C,^2-^i= 0, A^B^—Fl = 0, 
-EJji^2— ^^2^)2 = 0, etc. . . . (whereof the three latter relations ai*e 
involved in the three former), or i^ = ^2^2»^2= C2^2»-^=^2^2» 
conditions which are evidently satisfied when S2 is the square of 
a linear expression. 



{B). 



Si — hu=^0 



is of a form such as we should derive from {B) if we were to 

Fig. 23. 




96 



TRILINEAR CO-ORDINATES. 



replace ^ by a constant quantity. Its locus, therefore, (fig. 23) 
is a system of conies which meet ^i where it is cut by u and the 
line at infinity. This system will be similar and similarly situated 
with respect to Si, and the asymptotes of the conies of the system, 
whether real or imaginary, will be parallel. 

If the curves be parabolas, since the two points at infinity in 
this case coincide, they will have contact with each other at 
infinity. 



172. The equation 



(^. 



^1 - P = 0, 



again, is obviously a particular case of ( 67), from which it is de- 
rivable by the substitution of a constant for u. Hence it denotes 
a conic (or system of conies) having double contact with Si, where 
that curve is met by the straight line at infinity. This system of 
conies will not only pass through two common points at infinity, 
but will have common tangents at those points. All the curves of 
the system, therefore, have the same asymptotes, and are not only 

Fig. 24. 




similar and similarly situated, but likewise concentric {^g. 24). 
If the curves be parabolas, they will be equal and have with each 
other a contact of the third order at infinity. 

173. Now let us suppose the conic S^ also to degenerate into 
a pair of straight lines ; {B) will become of the form 
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(F). 



vw — ktu = 0, 



Hg. 25.' 



which therefore represents a system of 
conies circumscribing the quadrilateral 
of which ^ = 0, w = 0, and «? = 0, w? = 0, 
are the pairs of opposite sides. * The truth 
of this, however, may be seen without 
reference to the preceding equations, since 
{F) is evidently satisfied by any one of 
the suppositions, 



«? = 0, and ^ = 



or. 



V = 0, and w = 
w = 0, and ^ = 
w = 0, and w = 0, 




1 74. Similarly, from a comparison of the next equation with 
( C), it appears that 



{G). 



VW — ht? =. 



represents a system of conies which 
have contact at two fixed points ; w ^ 
(fig. 26) being their chord of contact, 
and 4? = 0, «(? = the tangents at its 
extremities. 



Fig. 26. 




175. Again, by a reference to Art. 171. (D), it will be seen that 



(iT). 



i?M7 — /;m = 



has for its locus a system of conies having that portion of u which 
is intercepted between v and w for a common chord, and passing 
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through the two fixed points at infinity in which the line at 
infinity is met by t; = 0, w? = 0. These conies are therefore similar 




and similarly situated hyperbolas having their asymptotes parallel 
to t; = 0, «^; = (fig. 27). 

176. The locus of 



{J). 



viT — P = 



is a system of concentric, similar, and similarly situated hyper- 
Fig. 28. 




bolas, having t; = 0, t(? = for their common asymptotes and the 
intersection of those lines for a common centre, (fig. 28). 



177. It is obvious that in the four last cases «; = 0, «; 
together, form one of the family of curves, just as 8i 
the preceding instances. 



0, taken 
did in 



SPECIAL FORMS OF THE GENERAL EQUATION. 99 

178. The meaning of tlie equations 

(Z). Si + he? = 0, 

(Jf ). /Si + i&a = 0, 

follows at once from the interpretation just given of equations 
{B)^{C)j and (I>) ; the two sides, a = 0, jS = 0, of the fundamental 
triangle taking the place of the two straight lines ^ = and w = 0, 
or lia + mijS + Wiy = and Icfl + m^fi + ^27 = 0. 

179. "We now proceed to consider some of the more special 
forms of the equation <^(a, /3, y) = which we employed in the 
last chapter, and to indicate the nature of their loci and the rela- 
tion in which they stand to the triangle of reference. A number 
of typical forms are collected here for the sake of reference, and 
will be discussed in the order in which they occur. 

Zi3y + Jfya + iVa/S = 0, (iV^) 

ZV+iTiS^+iV^V 1 2-20^/3/ + 2iVZXa + 2ZJfa/3 = 0, (0) 

L^a^ + m?? + iV^ V = 0» (^) 

ZV - ]\P^^ - iV^V = 0, (Q) 

py-ha^ = 0, {E) 

|3y - ^ = 0, {8) 

^y-^=0, (T) 

/32-;[;a=0. {U) 

180. The first equation 

(iV^. Z^y + Mya + Nap = 0, 
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is satisfied by any one of the three following suppositions, 

^ = and y = ; 

y = and = 0; 

or, a = and j3 = 0. 

The conic, therefore, tvhich it represents passes through the three 
angular points of tlie triangle of reference. 



181. The equation may be written in the form 

Z^y + (Jfy + iV3)a = 0; 

hence (Art. 173. {F).) a = 0, j3 = 0, y = 0, and Jfy + iV^ = 0, are 
the four sides of an inscribed quadrilateral ; and, therefore, since 
j3= 0, y = intersect on the conic (Art. 180) the fourth side is 
evidently a tangent to the curve at A. 
Hence 

4 + ^=0. 



M ' N 

a B 

— 4- — = 



(234) 



are the equations of the tangents to the circumscribing conic at A^ B^ 
C respectively. These tangents evidently meet the sides of the triangle 
which respectively subtend their points of contact in points which lie 
on the same right line 



— 4- ^ + -^ - 



(235) 



Fig. 29. 



For this right line, since the equa- 
tion may be written in the form 

2"+ ( ;^ + ^)= 0, must pass through 

the point of intersection of the tan- B' 




c 
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gent at A with the side BC\ and similarly for the other two 
tangents. 

182. If A' B* Che the triangle formed by the three tangents at 
the angular points of the triangle of reference, the equations of 
AA', BB, CC are easily shewn to be respectively 

L M 

and since these equations when added together vanish identically 
we conclude (Art. 17) that AA', BB^, CC meet in a point, 

183. If (oo, jSo^Tfo) ^6 the co-ordinates of this point of intersec- 
tion, we shall have 

<^ ^0 _ To _ ^^ /OQ7N 

L " Jif N" aL+ bM+ cN ^^^^\ 



184. From the form of equations (234) and (236) it appears 
(Art. 95) that any sic(e cf the- triangle AB C\ and, the straight line 
which joins its point of contact to the opposite vertex^ are harmonic 
conjugates with respect to the two sides of the triangle of reference 
which meet in that point of contact, 

185. "With regard to. the nature of the curve whose equation we 
are considering it is to be observed, that, since in this case 

<^(a, ^,y) = Oa^ + 0^^ + 0/ + 2Zi3y + iMya + 2iVa/3 = 0, 

and, consequently, 

^{a, I, c)' = ^ZV-iri3^-iV^y*+ 2Mmc + 2NLca + 2LMah 
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the locm ^/{N) will he (Art. 125) a hyperbola, a parabola, or an 
ellipse, according as 

Pa" + JlPly' + ]!Pc''-2Mmc'-2NLca-2LMah 
is positive, zero, or negative. 

186. 

( 0). ZV + JT/S^ + iV^y' + 2MJ!7$y ± 2irZya + 2LMafi = 0. 

The various possible combinations of signs in this equation give 
us eight distinct forms ; four of these, viz,, 

ZV + IPfi^ + iV^y + 2 JfiV^y + 2]^Zya + 2LMafi = 0, ( O^) 

ZV + Jf 2/3' + NY + 2 JfiV/Sy - 2NLya - 2ZMap = 0, ( O,) 

ZV + jri8'+ Ify" - 2MNpy + 2NLy^ - 2ZMaP = 0, (O3) 

ZV + jri8'+ Wy''-2MN^-2NLya+2ZMap = 0, (O4) 

may he written 

{La + Jf/3 + JVV)2 = 0, 

(-Za+ Jf^ + JVV)'=0, 
(Za -Mfi + I^yYzzzO, 

and {Za +Mp — JVyf = 0, 

respectively, and therefore represent pairs of coincident right lines. 
The remaining four, viz,, 

Z^a^+M^0'+]Sry--2MI^^y-2NZYa-2ZMap = 0, ( 0,) 
ZV+]iPQ'+JSPy^-2MI^Py+2NZya+2ZMafi = 0, {0^) 
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2V+ jri3^+iV^y'+ 2 JfA^/3y+ 2NLya-2LMaQ = 0, ( Og) 
may also he respectively written in the forum 

{La)^ + {M^f + (JVV)* =0, 

(-Za)*+ {Mfif + {Nyf =0, 
(Za)^ .|.(_Jf^)i4, (JW)» =0, 

and represent J respectively, a conic which is inscribed in the triangle 
of reference, and three other conies which touch one side and the other 
two sides produced. 

187. For the first equation of the last four, viz., 
( 0,). L\^-\-MY+ir''/'-2MN^y'-2NLya-2LMap = 0, 

or, (ia)* + {Mfif + (iVy)^ = 0, 

may be written in the form 

(Mp-JSTyf + La{La-2Mp-2Ny) = ; 

hence (Art. 174. {G),), a = and 

La—2Mp—2Ny = 
are tangents to the conic, and 

Mp-Ny=:0 

is their chord of contact. Also, since this chord of contact evi* 
dently passes through the vertex A (Art. 16), it appears that, if the 
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points of contact A', ff, C, of 
t!ie inacrihed eonie he joined to the 
opposite vertices of the triangle of' 
reference, the equations of the 
joining lines AA', BS, CC will 




{a» ffiH yii)t ^^^ '^' 



La^=M0„ = Nrt = — 



IS8. Ako the tangents at A", B", €", where the chords meet the 
conic again have for their equations, respectively, 

La - 2Jf^ - 2iVV = 0, 

Mff - 2iVT - 2ia = 0, (240) 

Ky - 2Zo - 2Jf/9 = 0. 
From the tbrm of these equations it appears that 
J/3 + WV = 0, 

iVy+Xa=:0, (241) 

La +M^= 0, 

are the equations of the straight lines which join the vertices of the 
triangle of reference to A"\ B", C", the points in which the opposite 
aides are met hj the tangents (240). 
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189. Also, the pohits A"\ B"\ C" lie in the same straight line- 

Za + J//3 + iVy = 0; (242) 

for the straight line represented by this equation manifestly passes 
through the intersections of (241) with a = 0, j3=:0, y=0, 
respectively. 

190. It will be observed moreover that^^', A A'" are harmonic 
conjugates with respect to AB^ AC (Art. 95) ; and that B and C 
are the centres of similar harmonic pencils. 

191. Again, since the equation (O5) may be thrown into the 
form 

{-La + Jlf3 + Nyf-'4:Mmy = 0, 

we see (Art. 174. {G).) that the equation of BC\ which is the 
polar of ^, i» 

-Za + if3+JVV = 0; 
similarly, Za — Jf0 + iVy = 0, (243) 

and Za + J//3 — iV7=0, 

are the equations of C^A% A'B^y respectively : and from the form 
of their equations we conclude that these polars, the sides of the 
triangle A' B C\ pass through the points A!'\B'\ C,'" respectively, 

192. And further, since the first equations of (241) and (243) 
may be written in the form 

- Za + {La - 2Mp - 2Ny) = 
and -La — {La — 2Mfi - 2Ny) = 

respectively, it follows (Art. 95) that {A''' . A C\ A'' A'} is a har- 
monic pencil. In like manner, B", C" are respectively the 
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centres of the harmonic pencils {B" . BA\ B'F) and { C"\ CB", 
193. When 

4^(e?, h, cy=0d'+0h''+0c'+4VMmc+4LM''Nca+4:LMN^ai ; 

therefore (Art. 125) the inscribed conic represented ly the equation 
( O5) will he an ellipse, a parabola, or hyperbola, according as 

Lhc + Mca + Nab 

L , M ^ N 

^^ T" + "T + T 

a c 

is positive, zero, or negative. 

The equations of the escribed conies (O5), (O7), (0^) (Art. 186) 
may be discussed in a similar manner. 

194. 
(P). iV + 3Pp^ + NY = 0. 

This equation, since the terms are all essentially positive, can be 
satisfied by no real and possible values of the variables, and there- 
fore represents only an imaginary locus. 

If, however, two of the terms only have like signs, the equation 
is of the form 

(Q). iV-M2i82-iV2y^ = 0; 

and the conic which it represents stands in an important relation 
to the triangle of reference. This equation we shall now discuss, 
and whenever hereafter, for the sake of symmetry, the equation 
(P) is employed, it must be understood that one of the three 
quantities i, M, N is to be regarded as imaginary. 
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195. The equation (Q) may be written in either of the forms 

{La + M^) {La - Mp)"N^'/ = 0, 

{La + Ny) {La - Ny) - M'p^ = 0, 

and therefore (Art. 174. {G).) represents Flg»3i. 

a conic which is so situated . that 
CA (/3 = 0) is the chord of contact of 

IP'/ - V^ = 0, 

the pair of tangents through B^ and 
^^(y = 0) thatof 

the pair through C (fig. 31). 

In other words, B and C are the poles of CA and AB respec- 
tively, and, consequently, A is the pole of BC, So that the 
equation {Q) represents a conic with respeet to which the triangle of 
reference is self conjugate^ 

196. "Writing the equation in the form 

LV - {M^fi^ + JSny^) = 0, 

we see (Art. 174. {G).) that, although A is the pole of the opposite 
sides, the pair of tangents through A are imaginary, 

197. It will be observed that the pair of tangents through any 
vertex of the conjugate triangle form a harmonic pencil with the sides 
which meet in that vertex. 

Fig. 31, which shews the position of the conic {Q) with regard 
to the triangle of reference, will, if the letters be twice inter- 
changed in a circular order, represent successively the loci of the 
equations 

-ZV+ j/^/s^ - ivy = 0, 



-zv - Jip^^+Ny = 0. 
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198. Let 



and 






(244) 
(245) 



be the equations of two conies with regard to which the triangle 
of reference is self- conjugate. ElimiDating a, /S, y successively, 
we get 



(Z?J[/|-ZlJf?)^« - (iVjZJ - IP^V^i" = 0, 
(-¥!iSri-J/liV?)7^+ {L\M\- ZiM?)a«=: 0, 
(iVJZl - iSriif)a2 + (i/TiSTi- MlNl)p'=z 0, 



(246) 



Fig. 33. 




for the equations of the common 
chords of (244) and (245) ; these 
therefore (fig. 32) pass two and two 
through the three vertices of the 
triangle. 



199. Hence also, if a system of 
conies be described through four 
fixed points, the points in which the 
three pairs of opposite connectors intersect form a conjugate triad 
with respect to each curve of the system, and the triangle formed 
by joining them is a self-conjugate triangle, 

200. In this case 

<l>{a,p,y) =zL^c?-^M^ - JVy + 0^7 + Oya +00/3 = 0; 

4,{a, h, cY = MW V - N'^rP - L^M'i?. 

Wherefore, ( Q) will represent an ellipse, a parabola, or hyperbola, 
according as 



_ 






is positive, zero, or negative. 
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201. 



(i2). 



/3y — hd" = 0. 



Fig.33. 




By reference to (Art. 174. (6^).) it will 
be seen that the equation {R) represents 
a conic section to which CA (/3 = 0) and 
AB{y = 0) a/re tangents, while BC (a= 0) 
is their chord of contact, 

202. Here 



</)(a, /3, y) c=: ^Ico" + 0/8^ + Oy^ - 20y + Oya + Oa^ = ; 

</)(», h, cy=i —c? + ^Tchc : 

and the locus of (B) will he an ellipse, a parabola, or hyperbola, ac- 
cording as 

< 4hc 
203. 



(^). 



./3y — ^a = 0. 



The locus of this equation (Art. 175. (J?).) is a system of similar 

Fig. 84. 
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and simila/rly -placed Jiyperholas (fig. 34), ha/oing the side BC of the 
triangle of reference for a common chords and passing through the 
points at infinity on the other two sides. Each curve of the system, 
therefore, has its asymptotes parallel to CA^ AB. 



204. Equation {S), as we should expect, satisfies the condition for 
a hyperbola ; for we have 

and therefore 



2 02 



4a^8 



, essentially a negative quantity. 



205. Again the equation 



{T). 



/3y-;P=0 



gives us 

<^(a,ft y)= «V+ FP^+ C'y'+ 2 

whence we shall find that 
(t>{a,i,cy=z _, 



(itf- 



2S' 



\py + 2caya + 2aiaP = ; 



and that (Arts. 176. 125) (T) represents a system of concentric, 



Fig. 35. 




SYSTEMS OF SIMILAR COITICS. 



Ill 



similar, and similarly situated hyperbolae y haA)ing the two sides CA, 
AJBy of the triangle of reference for their common asymptotes (fig. 35). 



206. Lastly, the equation 



(CO. 



/S^ - ;&a = 



Las for its locus a system of conies (Art. 175. {H),) to which 
a = and the line at infinity are tangents at the extremities of 
the common chord ^ = 0. We shall now have 

<^(a, /S, y) = 2aa2 - ^ /S^ + Oy' + O^y + 2cya + 2hap = ; 

^(a, h, c)'z=- e'P - (^ + b^y + 2{be)be + ^(^)<xf, 
= 0; 

and ( ZT") repregenU a system of similar and similarly placed parabolas 

Fig. 36. 




of which /3 = is a diameter, and a=0 the tangent at its extremity 
(fig. 36). 
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CHAPTER VIII. 

EQUATIONS OF THE SECOND ORDER CONTINUED. 

207. Instances will now be set before the reader of the mode 
of application to particular equations of the general results of 
Chapter VI ; the proof being, however, given in an independent 
form where the case appears to deserve a separate investigation. 
For the convenience of the student some of the most important 
forms of the equation of the second order are collected in the next 
Article. 

208. 
(N), Lpy + Mya + Nafi = 0, 

or _ + + _ = 0, 

a p y 

which represents a conic circumscribing the triangle of reference 
(Art. 180). 

( Ofi). LV + M""^^ + Ny^2MNpy-2NLya-2LMaP = 0, 

or {La)i + {M^f + {Nyf = 0, 

which represents a conic inscribed in the triangle of reference 
(Art. 187). 

(P). JLV + ilf 2^2 ^ 2^2^ ^ Q^ 

which is the equation of a conic with respect to which the triangle of 
reference is self -conjugate (see Art. 194. (P), (Q).)- 
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(JK). /3y - he? = 0, 

which is the eqttation of a conic touching the aides CA, AB^ of the 
triangle of reference at the points C and B respectively (Art. 201). 

{8). py — ka = 0, 

which represents a hyperbola passing through B and C and having its 
asymptotes parallel to CA, AB (Art. 203), 

(T). i3y-.^ = 0, 

which is the equation of a hyherhola whose centre is at A, and to which 
the sides CA, AB are asymptotes (Art. 205). 

(CT). j8^-;&a = 0, 

which represents a parabola of which CA is a diameter and BC the 
tangent at its extremity (Art. 206). 

To these may be added the equation 

{V). ay-m = 0, 

which represents a conic drcumscriling a qttadrilateral whose sides 
are a = 0, j8 = 0, y = 0, 8 = 0, and, though not strictly speaking 
trilinear, may be regarded as a particular case of (Art. 173. {F).), 

209. Equation of the chord joining the two points (ai, jSj, yi), 

{o^ ft> 72)* 

(^. ^ + f + ^ = o. 

^ ' a p y 
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The equation of the straight line joining the two given points 

(Art. 58. (68).) is 

(ftya - Pm)^ + (yifla - yaaOiS + (^A - o^i)y = ; (247) 
Buty since in this case the points lie on the conic {N)^ we have 

— + -^ + — =0 
ai Pi yi 

and _+ +_--0; 

as P2 73 

L _ M _ N 
whence, i i — i i — i i ' 



or 



^i?2 ftyi yiOa yaoi ai^s oa^i 
ff lya -" feyi _ yioa — y2gi __ a\^2 — q»ft . 

i "~ ilf "~ JV ' 



(248) 



flioa ^1^2 yiy2 

and (247) may be written 



L M N 



aioa ^1^2 ym 

which is the required equation. 

( Ofi). i*a* + M*/3* + ivV = 0. 

Since (ai, j8i, yi), (oj, J82, y2) are points on the curve, we have 

lK\ + M^p\ + N^y\ = 0, 

and i*a* + M^^* + iST^yf = ; 

whence, L^ M^ N^ 



/sM - /sly? yxM - yl4 <^^^l - 4/3? ' 
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or, 

^l78 ~-fe7l ^ 7x02 — 72«1 ^ gift — ^2^1 

(250) 
and (247) becomes 

(251) 
the equation of the chord. 

(P). iV + JP/3« + i^ V = 0. 

Since the given points are on the curve, we have 

iM + M^/3? + N'y\ = 0, 
and L^i + M^fil + Ny^ = 0, 

which give 



/q2 2 /q2.2 .2 2 .2 2 „2(ji ^2«2 

Pi73 ~" P271 71O2 — 7301 01P2 — a2Pi 

-rj ^l72 ft7l 71O2 72«1 "1^2 + 02^1 

Hence, — — ....jL = ^___ = ■ ; rsss^i 

^172 + ft7i 7i«2 + 7201 «lft + «2^1 

and we have for the equation of the chord, 

A72.. 

= 0. (253) 



Va 


+ 


7ia2 + ygOi 


+ 


N^y 


^l72 + ^27l 


aift + 02i3i 






Py-hc?- 


= 0. 





{R). 

We have, since the given points are on the curve, 

^m = *«?, (254) 
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)3272 = ^'oa- (255) 

Hence, multiplying (254) and (255) by yl and y\ respectively, sub- 
tracting, and dividing by (yioj + y^i)y we get 

ftys — ftyi __ 7102 — yaQi /occ\ 

— 77 : X — t Job; 

— A;(yiaa -^ 7301) yiy2 

Similarly, if we multiply (254) and (255) by ^\ and iSj and sub- 
tract, we get 

i3iy2 — ftyi __ Qife — ggPi . (257) 



and (256) and (257) give 

^iy2 ~ feyi __ yi«2 — jtPi __ gift — ^2^1 

— h yiy2 ^ift 



(258) 



yia2 + yaoi oift + 03^1 

whence substituting in (247), we have for the required equation 
-fa+ "l' ff+ /f . 7=0. (259) 

Second method, — The equation of the chord may, however, be 
more easily formed, in the present instance, after the manner of 
Art. 126, as follows. The equation 

(i3-A)(y-y2) + (i8--i8s)(y-yi)-2^(a-aO(a-a2) = 2i8y-2^a« 

(260) 

must represent a right line, since it is linear ; also it is satisfied by 
the co-ordinates of each of the given points ; it must therefore be 
the equation of the chord. 

Equation (260) may be written 
2k{a, + aOa- (yi -hy2)i3-(j8i -hj82)y-2^aia2 + fty,-hftyi = 0, (261) 
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which may be readily thrown into the homogeneous form (Art. 
4). 

{8). Py-ka — 0. 

Here the chord will be represented by the equation 

(i3-ft)(y-y2) + (i3-i32)(y-y0 = 2^y-2X-a, (262) 

or, 2ka-{y, + y2)i3-(i3i + ^)y + {P,y, + fty,) = 0, (263) 

for (262) is evidently linear and is satisfied by (aj, jSj, yi) or by 
{fhyP2,y2)' The equation just found may be rendered homogeneous 
by the method of Art. 4. 

(T). 0y-F = O. 

As in the last section, the equation of the chord of (T) is easily 
seen to be 

0-ft)(y-y2) + O-i32)(y-y0 = 2^-2^, (264) 

which is also not in the homogeneous form. 

In this case the linear equation 

()3 - ft)0 -P,) = 0'-ka (265) 

is satisfied by the co-ordinates of the given points on the conic 
( U), and therefore represents the chord which joins them. It may 
be written 

^ - (A + P2)P + ftft = 0. (266) 
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210. Equation of the tangent at the point (ai,0i, yj). 

The equation of the tangent may either be deduced from that of 
the chord (Art. 209) by making 02 = oi, jSj = jSj, yj = yj ; or be formed 
after eqq. (152), (153). If the latter method be adopted, it must 
be remembered that the form (153) may only be used when the 
equation of the conic is homogeneous, and that in other cases 
(152), the general equation of the tangent, must be employed. 



(iV). X/3y + 3f ya + iVa/3 = 0. 

Putting a2 = oj, P2 = jSij ya = yi in (249) the equation of the chord, 
we have 

4« + f)3+^y = o. (267) 

oi Pi yi 

which is the equation of the tangent at (ai, ^^ yj). 



Second method, — The equation of the tangent is (Art. 129. (153).) 
and, in the present case, 

(g ) = M,, + ir„ (269) 



m = « 



1 + Mai ; 



hence, 

{My, + m,)a + (iVai + Ly,)^ + (i^i + Ma,)y = (270) 

is the required equation. 
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It is obvious that (267) and (270) may be derived the one from 
the other by means of (N). 



( O5). i*a* + M*^* + iV V = 0. 

Making 03= a^, ft = j8i, ya = yi, in (251) we get for the equation 
of the tangent at (oi, ^i, yi) 

i* M^ N^ 

^i Pi 7i 

The second method will give the same result, since 

If the equation of the conic be taken in the form 
(153) gives the equation of the tangent in the form 

Z{I^i-Mpi'^Ny{)a+M{Mpi-Nyi-'I^i)P+N{Nyi--Zai-'Mp,)y = 0. 

. (273) 

(P). iV + ir/32 + i^/=0. 

The equation of the tangent, obtained by either method, is 

ZV + M^PiP + -^^yiy = 0. (274) 

(JR). /3y - W = 0. 

The equation of the tangent, derived from (259) Art. (209), is 

2kaia - yijS - Pij = 0. (275) 
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Also, since 

(g) = -^,(|) = ,„(|)=,.. («s, 

the equation (268) gives exactly the same result. If the equation 
(261) be employed, the equation of the tangent will be obtained 
in the non-homogeneous form 

which, however, reduces to the form (275) by reason of (JR). 

(5). /3y -ha = 0. 

The equation of the chord (Art. 209. (263).) gives for the equa- 
tion of the tangent at (a^, /3i, y^) 

^a-yi/3-i3iy + ftyi = 0; 

or, since by {S) ftyj = kai, (277) 

k{a + a,) - yiiS - jS^y = 0, (278) 

which (Art. 4) may be rendered homogeneous, if necessary. 

Second method. — ^The equation of the tangent at (ai, /3i, yi), (Art. 
129. (152).) is 

(2)^"-") + (l:)(^-^^) + (|)(>->^) = ^ ' (279) 
therefore, since 

(2) = -^'(13=^"©=^" (280) 

the required equation is 

]c{a - a,) - y,0 - j3.) - /3,(y - y.) = 0, (281) 
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which, when /3,y, is replaced by kai (277), is identical with 
(278). 

(T). /Sy-A?=0. 

In this case (g) = 0, (g j = y„ (^j = 3., and the equation 
of the tangent (Art. 129. (162).) is 

yiO-A) + /3,(y-y.) = 0, (282) 

or, since, by (T), fty, = P, 

7^ + Ay = 2P. (283) 

(Z^. /3»-^=0. 

and (152) becomes 

- k{a-a{) + 2i3i(i8-/30 = 0, (284) 

or, by ( 27), ;(;(a + a^) - 2i3ii3 = 0. (285) 

■ 

211. JSquation of the polar of the point (oi, fii, yi). 

From the results of Arts. 134 and 135 it appears that the equa- 
tion of the polar of the curve 0(a, j8, y) = 0, when the equation is 
homogeneous and of the second degree, is 

(g).+(i)^+(f,)'=». <-) 

identical with the equation of the tangent at the point (ai, Pi, yi) ; 
and is 
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(287) 

when the equation of the ctcrve, though not homogeneous^ is of the 
second degree. 

Hence the equation of the polar may be readily formed in the 
case of any of the curves we are considering. It may also be 
deduced from the equation of the tangent by the method which 
was applied in the general case (Art. 134). Examples of each 
method are subjoined. 

(iV). ZiSy -f Mya + Nafi = 0. 

Substituting in (286) the values of [-j~ )' ( ^)' vT" ) given in 
(269), we have, for the equation of the polar, 

(Jfyi + mi)a + {Na, + LyC}fi + Wx + Ma{)y = 0. (288) 

Second method. — Suppose (oj, jSj, y,), (og, p^, y^ to be the points 
of contact of tangents drawn through (oj, j8i, y^) to the conic. The 
equations of the tangents (Art. 210. (270).), since (ai,ft,yi) lies 
on each, give 

(ilfya + iVi82)a + (JVoa + XyOiS + (XjSa + J^a2)y = 0, 
and (iJfya + m^)a + {Na^ + Ly^)fi + (Zft + -^03)7 = 0. 

Hence the points of contact both lie on the line 

(My +Np)a,+ {Na +Ly)P,+ {ZP + Ma)y,= 
or {My, + Np,)a + {Na, + Zy,)p + {Lfi, + Ma,)y = 0, (289) 

and (289) is, therefore, the equation of the polar. 

It may be shewn, in a similar manner, that the equations of the 
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polars of the given point with respect to ( O5), (P) and (JS) are 
identical with (273), (274) and (275), respectively. 

Again, if we take the non-homogeneous equation 



we have, by (287), 

or, kia + ai)-yii3-fty = J (290) 

the same as (278) the equation of the tangent at (ai, ft, yi). 

Second method. — If (03, ft, ya), (03, ft, yg) be the points of contact 
of tangents through the given point, we have (Art. 210. (278).), 
since (oi, jSi, yi) lies on each tangent, 

^•(03 + ai)— ya^i— ftyi = 0, 
and ^(ag + ai)— ya/Si— ftyi = 0. 

Hence, 

k{a +aO-yi3-fty =0 

« 
is the equation of a straight line on which both points of contact 

lie, and therefore represents the polar of (oi, ft, yi). 

In the same way the equations of the polars of the point with 

respect to (T) and {U) may be shewn to be (283) and (285) 

respectively. 

212. Condition that the straight line {Ifm, n) should touch the conic. 

The required condition may be obtained either, as in Art. 131, 
by comparing the equation of the given line with that of the 
tangent (Art. 210), or by the direct application of the results of 
Art. 131 (Eqq. 155, 157); or, again, by combining the equations 
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of the straight line and curve (the latter in the homogeneous 
form,) and expressing the condition that their points of intersection 
should be coincident. The following are examples. 



(N). L^ + Mya + iVajS = 0. 

Eliminating a between {N) and the equation 

Za + jwi3 + «y = 0, (291) 

we get 

Nm0^-{LI'-Mm'-Nn)py + Mwf = ; 

which will give coincident values for -, if 

{Ll-Mm-Nnf-^MNmn = 0. 

This, therefore, is the required condition ; it may be written in 
either of the forms, 

r^P + MV + JSnn^-'2MNmn - 2JVZw?- 2LMlm = 0, (292) 

or {Zl)^ + {Mmf + {Nnf = 0. (293) 

Second method, — Identifying (291) with the equation of the tan- 
gent at (ai.iSij-yi) (Art. 210. (270).), we get 

I m n '^ ^ ^^' 

therefore, 

Npi + Jfyi + ?X = 0, 
Nai + Lyi + mX = 0, 

Mai + Lfii + WX = 0. 

Also, lai + mfii + wyi = ; 
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and from these, by the elimination of ai,i8i,yi, and X, we get for 
the condition of tangency, 



0, N, M, I 
N, 0, L, m 
M, Z, 0, n 

I, niy fly 



= 0. 



(294) 



If the determinant be expanded and the sign of the whole 
changed, it may be seen that this result agrees with that before 
obtained (Bqq. (292), (293).), and might have been written down 
at once as iT = 0, or <I>(J, m, n)' = (Art. 131. (155), (157).)- 



(^5). 



iV + Jf*/3* + N^y^ = 0. 



A comparison of the equation of the tangent (Art. 210. (271).) 
with (291) gives 

I m n 

and substituting these values for ai, 0i, y^ in the equation 

^1 + wft + wyi = 0, 



we get for the required condition, 



(i*). 



-7- + — + — = 0. 



LV + M^^ 4- iV V = 0. 



(295) 



The condition of tangency may be at once written down from 
(155) Art. 131 in the form 



i', 0, 0, I 

0, JIP, 0, m 

0, 0, JP,n 

If m, n, 



= 0; 



(296) 
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or obtained, from (274), as in the last case, in the form 



(297) 



{R). 



Py — ka^z=i 0. 



Identifying (291) with the equation of the tangent Art. 210. (275), 
we get 

— 2^gi _ j3i _ yi . 
/ m n 

whence, since jSiyj = kal, we have for the condition sought 

P — 4kmn = 0. (298) 



{S). 



j8y — ^ = 0. 



The equation of the tangent to (5) at the point (oi, jSj, yj), written 
in the homogeneous form (Art. 210. (278).) is 

{aa, + 28)a + (ha, "^ yijf^ + [cai - -^i^Jy = 0. (299) 

Eeplacing 28 in the coefficient of ahj aai + hPi + cyi (Art. 3. (1).), 
and comparing (299) with (291), we have 



, 28 28 



m 



n 



X (suppose). 



Whence, eliminating ai, jSj, yi, X, we get, as in (JV) of this Article, 



2a, b. 


Cy I 


h, 0, - 


28 
— =-, m 
h 


28 
^' k' 


0, n 


I, m. 


n, 



= 0. 



(300) 
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If we make use of (157), and remember that, in this case, 

0(«,i3,y) = fla^ + op' + (V-2|0y + 2|ya + 2|i^ = 0, 

we shall have 

(301) 
so that the condition is 

_+(,;,_j,).«_^_-_-_j = 0; (302) 
a result which will be found to agree with (300). 

{T). ^y - ^ = 0. 

Here 
and the condition of tangency (157) becomes 

(JT^. /3^-^a = 0. 

In this case 

(304) 
and the condition is that this quantity should equal zero. 
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213. To find the co-ordinates of the centre. 

Let, a, iS, y be the co-ordinates of the centre. This point (Art. 
139) is the pole of the straight line at infinity whose equation is 



(to + 5j3 + (?y = 0. 



(305) 



(ivo. 



Lfiy + Mya + iVajS = 0. 



The equation of the polar of (a, ^, y) with respect to this conic 
(Art. 211. (289).) is 

(ify + N^)a + {Na + Ly)p + (X^ + Ma)y = 0. 



Identifying this equation with (305), we get 

My + N^ _ Na + Li _ Zp + Ma 

a b c 



(say) ; 



whence, proceeding as in Art. 137, we find 



P 



y _ 



N,M,a 




0, Jf, a 




0, N,a 




0,N,M 


0, Z, 5 


— 


N.L.I 




NyLyh 


. — 


N,0,Z 


Z, 0, c 




Jf, 0, c 




M,L, c 




M,L, 



; (306) 



that is, 



M 






-La + Mh + Ne Za — Mb + JVe La + Mh — Ne 

" r(^ + IP}^ + N^'c' - 2Mmc - 2NLca - 2LMah ^^^^^ 

(Prelim, chap. (-4).), 

equations which completely determine the centre. 
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( 0,). ZV + 2P^ + ^V - 2Mmy - ^NLya - 2LMafi = 0. 

Comparing the equation of the polar (Art. 210. (273).) with (305), 
we get 

Z( -La + Jf^ 4- Ny) M{Za-M^-{' JVy) N{La + J^-iVy) 

.a b c * 

whence, proceeding as in the last example, we have finally 

a P y S 



Me + Nb iVa + Zc Zb + Ma Zbc + Mca + Mb 

(308) 

(P). , ZV + JP^'+iV^y^=:0 



gives, in a similar way, 



Z^ ^ iV^ Z^"^lr2"^i^2 



(309) 



(i2). and 







^y- 


-ia» = 


= 0,: 




a 


= 


-* 


y 

— c 


5 




a 


~ a? 




Ik 








Ak 


bo 






^y- 


■hi = 


:0. 





(310) 



{8). 

Here, comparing 

(2aa + Ji3 + e^)a+ [ba'- "^ y ) ^ + (^a- ^ ^ jy = 0, 

the homogeneom equation of the polar, with (305), we find 

^ = ^ = —^=4- (311) 

2Sa —ca —ah <r ^ ' 
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Similarly, in the two next examples, the subjoined results are 
obtained. 

a 
l = A=-^=?^. (313) 



214. Condition that the conic should he a parabola. 

Since (Art. 131. Cor.) the straight line at infinity is a tangent 
to every parabola; and, again, (Art. 139) the centre of every 
parabola lies on this line ; the required conditions may be deduced 
from the results of either Art. 212 or Art. 213. They are seen 
below and will be found to agree with those given in Arts. 
185—206. 

(i\r). ZV + JlPh^ + ]!P(?-2MMc-2NLca-2LMah = 0. 

(«.)• 4 + f + ^= «■ 

*' *= <^ _n 

(/S). Impossible {the curve being always hyperbolic). 
(T). Impossible {th^ locus being always a hyperbola). 
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( U), The condition is satisfied for every value of h {and the cv/rve is 
always a parabola). 

215. It appears also frcyn Art. 213 that the vertex A of the 
triangle of reference is the centre of the conic {T) (see Art. 205). 

216. Conditions that the conic should he a circle. 

Applying the conditions (194) of Art. 149 we obtain the fol- 
lowing results. 

The conditions are 

M N N L L M 



J > 



sin C sini^ sin^ sin (7 sini^ sin^ 

whence we easily deduce 

L M N 



sin// sini^ sin G 
Hence 



(314) 



!!i^ + !E^ + !iL^=o, (315) 

« ^ y 

± + 1 + J. =0. (316) 

a ^ y 

is the equation of the circle described about the triangle of reference. 



In this case the condition becomes 
Jlf sin C+iVsin B = iVsin ^+X sin C = Z sin ^+ Jf sin A ; 
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whence we shall get 

L M K 






and the eqtcation of the inscribed circle will he 

A \ B A , C i 



(317) 



cos 



ya' + cosy^ +cosYy =0. (318) 



(i>). iV + iK^/3^ + iVy = 0. 

The conditions of Art. 149 become, in this case, 

if 2 sin 2 C'+iV^ sin ^B=]^^ sin ^^ +Z2 sin * C7= Z= sin ^B+JiP sin U, 

and give 



M^ N' 



sin 2^ sin2i? sin 20' 



(319) 



and the eqtcation of the self-conjugate circle is 

sin 2 A a^ + sin 2B^^ + sin 2 0/ = ; (320) 

or, acos-4a2 + JcosJ9/3^ + cco8(7/ = 0; (321) 

which will not, however, represent a real locm (Art. 194) unless one 
of the coefficients be negative, that is, unless the triangle of reference 
he ohtuse-G/ngUd. 

Here, the conditions (Art. 149) are 

sin J9 sin (7 = ^ sin ^(7 = ^ sin ^B ; 
whence, ^ = 1, and the triangle of reference is isosceles, (322) 
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EQUATION OF A CONIC REFERRED TO TWO TANGENTS AND 

THEIR CHORD OF CONTACT. 

217. Let the equation of a conic Rg. 37. 
referred to a pair of tangents and 
their chord of contact (Art. 174. 
{G).) be 

ZM = iP. (323) 

Then, if 

be the equation of any chord PQ, through the intersection of the 
fixed tangents, we get, by combining (323) and (324), the 
equations 

to determine its points of intersection with the conic ; the upper 
and lower signs referring respectively to the points P and Q, which 
lie on opposite sides of i2 = 0. 

218. The chord PQ may be denoted briefly by ft^ and the 
points P and Q (after Dr. Salmon's notation) by + ft and — /x 
respectively. 

219. The reader will observe that the equations 

represent the pairs of lines which join {LR) and {MR) respectively 
to P and Q. 

Similarly, any pair of straight lines through {LR) and {MR) 
whose equations are of the form 
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R = JcLy 

k M= kE, 
will intersect on the curve. 

220. Any point which does not lie on the curve may be denoted 
by a pair of equations of the form 

(i2 = AZ, M= kE). 

221. To find the equation of the chord which joins two given 
points on the conic LM-=z iP. 

Let /ij, fi2 (Art. 218) be the two points. At these points, as in 
Art. 217. (325), we have, respectively, 



and 



L 

4 


— 


E 


^ 




1 




Ml 




A 


L 


^^ 


E 




M 


1 




/*2 




f4 



(326) 



(327) 



Suppose the equation of the chord to be 

IL+ rE + wJf=0. (328) 

Since fij, fx^ both lie on this line, we have, by (326)" and (327), 



^ + rfii + mfil = 0, 



(329) 
(330) 



Hence, eliminating ?, m and r between (328), (329) and (330), 
we get for the equation of the chord fii/utj 



Z, E, M 

i> fi» A 

1> M2» /4 



= 0; 



(331) 



which, when expanded and divided through by /xi — f^, becomes 

/iifiaZ - ()Mi + fi^E + if = 0. (332) 
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222. To find the equation of the tangent at any point /xi on 

the conic LMz=. i?. 

Making /no = /*i, iii the result of the last Article, we see that the 
equation of the tangent at /ij is 

f*;Z - 2/iii2 + M— 0. (333) 

223. Similarly the equation of the tangent at — /xi (Art. 218), 
the other extremity of the chord /ij, is 

l^Jj + 2/ii^ + Mr=L 0. (334) 

224. To find the pola/r of a given point with respect to the 

conic LM^=z IP. 

Suppose the given point (Art. 220) to be the intersection of 
the pair of lines 

{E = hL,E=i JcM\ (335) 

and let fi^ be the point of contact of one of the tangents through 
this point. The equation of the tangent (Art. 222. (333).) is 

fifi - 2/iii2 + -af = 0. 

Since therefore the point (335) lies on this line, we have, by 
substitution 

Jcii\ — 2hkfii + h= 0. (336) 

But at the point of contact /xi we have (Art. 221. (326).) 

^ = ^ = r^; (337) 

and, eliminating fti between (336) and (337), we find for the equa- 
tion of the polar at the given point 

hL'^2hkE'\'kM=zO. (338) 
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225. If fYom a given point two straight lines he d/ra/wn cutting 
a conic in the points P^ and Qj, P^ and Q^, respectively ; the two 
pairs of chords which join, directly and transversely ^ these four points, 
will intersect on the polar of 0. 

Let X = 0, 3/ = be the equations of the pair of tangents 
which can be drawn to the conic through the given point: and 

Fig. 88. 




let ^ = represent the polar of 0. The equation of the conic 
referred to these three lines will be 



Z-Jf-i? = 0; 



(339) 



and, if the straight lines OPiQi, OP^Qi be represented by fij, /4, 
respectively (Art. 218), the points P^ Qi will be denoted by +fii, 
and Pa, Q^ by +fi2, respectively. Hence (Art. 221. (332).) the 
chords P1P2, QiQi will be represented by 



and the transverse pair, P1Q2, AQu by 



(340) 



(341) 
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From the form of these equations it follows that the two pairs 
have their points of intersection on ^ = 0, the polar of O. For 
(340) shews (Art. 16) that PjQi, P^Q^, both pass through 8^ the 
point of intersection of ^ = with Jf+ iiifi^L = 0; and from (341) 
it appears that P1Q2, P2Q1 both pass through T, the point of inter- 
section of ^ = and M^fXifA^L = 0. 

226. Hence also it follows that the equations of 08, OT are 
respectively 

-Jf + ^l^^Lja = 0, (342) 

M— nifi^L = 0. (343) 

227. Therefore also OS, OT form with OPi, OP^ a harmonic 
pencil (Art. 95) ; for the equations of these four lines are 

L = 0, Jf=0, Jf + /xifiaZ = 0. 

228. Again, from the form of the equations (340) it appears that 
the four lines 80, 8T, 8Pi, 8Q1 form a harmonic pencil. There- 
fore the chords PiQi, P2Q2 are cut harmonically by the point and 
its polar ; and we have the well-known Theorem ; — 

Uvery chord of a conic is harmonically divided hy any point on it 
and the pola/r of that point. 

This is also evident from the form of the equations 

-^ = ± y^iLy (344) 

^ = + /isL, (345) 

representing (Art. 219) the pairs of lines which join the point of 
contact of one of the fixed tangents to the extremities of the 
chords PiOi, Ps02 respectively. For (344) and (345) each form 
a harmonic pencil with Z =r 0, i2 = 0, and, consequently, the 
transversals OPiQi, OP2Q2 are harmonically divided. 
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229. The polesy with reference to a given conic, of straight lines 
which pass through a fixed point, lie on a fixed right line. 

Let the conic be referred to any pair of tangents and their chord 
of contact, and let its equation be 

ZJf= jK». (346) 

Also let the straight line the locus of whose pole with respect to 
(346) is to be found be represented by the equation 

IL - 2pR + mM = 0, (347) 

in which p is indeterminate (Art. 16). 
Suppose 

{R = hL,Rz=, hM) (348) 

(Art. 224. (335).), to be the pole of (347) j then (Art. 224. (338).) 
the equation 

hL - 2hhR + ^ir= (349) 

must be identical with (347). Comparing them, we get 

*- = M = ±. (360) 

I p m ^ 

But at the pole we have, by (348), 

hence, substituting for h, h, from (350) in (351), we get 

L R M 

—— ■— ^^^ ^^ ^_^ . 

m p I ^ 

and the locus of the pole of (348) is a straight line whose equa- 
tion is 

IZ-mM^z 0. (352) 
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230. We shall conclude this Chapter by calling the attention of 
the reader to a few geometrical theorems, which are involved in 
the forms of equations investigated in the preceding Articles. 

Thus from the forms of (^), (/S), {T) and {U) respectively we 
deduce the following ; — 

The prodtict of the distances of any point on a conic from a pair of 
tangents hears a constant ratio to the square of its distance from their 
chord of contact. 

If at the extremities of any chord of a hyperbola pa/rallels he drawn 
to the asymptotes^ the distance of any point on the curve from this 
chord is in a constant ratio to the product of its distances from these 
two straight lines. 

The rectangle under the distances of any point on a hyperhola from 
the asymptotes is constant. 

The square of the distance of any point on a parahola from a 
diameter is proportional to its distance from the tangent at its 
extremity. 

Again, (316) may be written in the form 

apy + hya + Ca/3 = ; 

and, if F be any point on the circumscribed circle and Q, JS, S the 
feet of the perpendiculars from F upon the sides of the triangle, 
this equation asserts that the algebraical sum of the triangular 
areas FES, FSQ and FQE is = 0. Hence Q, E, S are in the same 
straight line ; and we have the following theorem ; — 

If from a point on the circumference of a circle perpendiculars he 
drawn to the sides of any inscribed triangle, the feet of these perpen^ 
diculars will lie in one and the same straight line. 

Also from (322) it appears that if a circle be described totcching 
the sides of an isosceles triangle at the extremities of the base, the 
rectangle under the distances of any point on the circumference from 
the two sides is equal to the square of its distance from the base. 
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CHAPTER IX. 



THE CIRCLE. 



231. To find the eqtmtion of the circle described about the 

triangle ABC, 

We may assume the equation Rg. 89. 

(Art. 180. (iV).) to be of the form 

Lffy + Mya + Nap = 0. 

(353) 

The equation of the tangent at C 
(Art. 181. (234).) gives for any 
point P upon it 



M 



a 

J 




Therefore (Euc. iii. 32), when (353) represents a circle, 



M 



a _PR _ FCsmA _ sin^ , 
p" FQ '" FCBinB" siaB" 



and we have, by symmetry, 



M 



N 



sin A sin B sin C 



Hence (353) becomes 



or, 



sin -4i3y + sin Bya + sin Cafi = 0, 
a^y + bya + Ca^ = 0. 



(354) 

(355) 
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232. To find the equations of the inscribed and escribed circles. 
The equation must (Art. 187. (O5).) be of the form 

(La)^ + {M$)^ + (iVy)i = ; (356) 

and the equation of the straight line which joins C to the point of 

Fig. 40. 




contact of the opposite side (Art. 187. (238).) gives, for ant/ point 
upon it and therefore for the point of contact J), 

A A 

T a T\T> TiA ' A OBQQX-^%mA COs'-r- 

L P BR BA sin -4 2 2 

M'-'l''BQ'-'BBsmB''^^ B . „""~7^' 

OB cot -^ sm B COS^-;r- 

Hence, by symmetry, 



M 



N 



B 



'C' 



cos" 



COS" 



cos' 



and the required equation is, by (356), 



±.^ 






COS -^a^ + COS "rt" ^I + COS -^y* = 0. 



2 



(367) 



233. Similarly the equations of the escribed circles may be 
shewn to be 

cos-^ (-a)* + sin— ^* + sin — y* = 0, 
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•ii.y.t + cc..|-(-«t + .m|-,t = 0, (358) 

234. It will be seen that the equations just obtained for the 
circumacribed and inscribed circles are the same as those giTen 
in Art. 216. A full discussion of tbem here would be auperfiuous, 
since all that was said with regard to the conies {.N~) and (£>,) in 
the two preceding Chapters applies, mutatu ntittanclii, to these 
circles. A few, however, of the more important results there ob- 
tained will be given in the present Chapter under their modified 
forms. For the sake of clearness we commence by explaining the 
notation employed. 



235. 
H, 0^ 
r, 0, 
r„ 0. 



£, C 

Br, C, 
















si 1" 




1 li 




a, o V 




IT'J 




"I'll" 




SI* 




i-i« 




:: js-s- 




iti 


- 


ni ^ 



= 0, the cireunucribed o 






. iMcrihed 

. tteribed{onBC) 
0, . . M(frih«d{m CA) 
0, . . wcribedionAB) 
0, . . itl/'Conjugate 

Sa=.Q, . , nine-poiHt 



Similarly S.i„ S^ia S,„, S,^ are the circles described tbroi^b 
0„, Oj, 0, ; 0„ Oi, 0, ; 0„ 0„ 0, ; 0„ 0(, {>„ respectively. 

Also, Ai, Bi, C| I I middh poinU of the n3e». 

are the 
^„ J?,, C,_| \^tof ±," from the vertices ! 
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and 



236. 

(Si.)- 



Or 
Oa 

G, 



G. 



ahe 



is the 

iutersec- 

tion of 



the AJ' at the middle points, 
the \J* from the vertices. 
AA,, BB^, CC^. 

AA„ BB„ CC,. 
AA^, BBt, CC„. 
AA„ BB„ CC„ 



AA„ BB^ CC. 



afiy + hya + Ca^ =: 0, 



Suppose a triangle ABC to be formed by drawing tangents to 
the circumscribed circle at the points A^B^ C. Then it will ap- 
pear, as in Art. 181, that its sides, whose equations are 



^ 



y — 



T + i- = °' 



and 



a 



- + ^ 

a ^ h 



= 0, 



= 0, 



(359) 



meet the opposite sides of the original triangle in points which 
lie on the straight line 



- + 4 + ^ = 0; 

ah c 



(360) 



also Art. 182. (236).) AA\ BB, CC are represented by the 
equations 



144 TRILINEAR CO-ORDINATES. 



4 - - = 0' 

o c 



y a 



-i ^ = 0, (361) 

and _?. - 4- = 0, 

a h 

and (Art. 183. (237).) meet in a point {a^ ^o. yo) such that 

fh ^ — yo 25 ^362") 

237. For the equation of the chord joining the points (aj, ^i, yi), 
(oa, A> 72), we shall have (Art. 209. (249).) 

^ + *^ + ^=0, (363) 



ttifla ^1^2 7172 
and the equation of the tangent at (oj, jSi, yi) will be 

^+*| + ^ = 0; (364) 

"i Pi 71 

while (Art. 212. (293).), for the condition of ta/ngency of (Z, w, n), 
we have 

{alf + (^w)* + (t?»)* = 0. (365) 

238. The centre 0^, of the circumscribed circle is given (Art. 213. 
(307).) ht/ the equations 

a _ P _ y 2^ 

C08-4 cosi^ COS C acosA + b cosi/ + c cos C 

aho 

"■ 4^ 

= -ff. (366) 

and therefore, as may easily be shewn, coincides with Pi. 
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239. 

i^f)' cos-2-a* + cos-2-i3* + cos-2-y* = 0. 

It may be shewn, as in Art. 187, that the equations of AA,., 
BBr, CCr are 

cos^Y'^-^^^^Y^"^' 

C A 

cos^Y'y ^^^^T""^' (367) 

cos^-ya — cos^-^-^ = 0, 

respectively, and that (?,., their point of intersection, is given by 
the equations 

A Ji C 

cos2Y"o = cos'-2-^o=cos^Y7o» (368) 

or, a{8—a)aQ = h{8—'b)^Q = <?(«— c)yo- (369) 



240. The equation of the tangent at any point (ai, ft, yi) (Art. 
210. (271).) is 

-jrCOS-;r-a + -xCOS — |3+-jCOS^y=0, (370) 

and the condition oftangency for {l,m,n) (Art. 212. (295).) is 

JLcos2ii + — cos2:?. + — cos2£ = 0; (371) 

I 2 ^ m 2 ^ n 2 ^ ^ 

^^ a(s - a) h{s - b) _j_ c{s - e) _ ^ ^g^g^ 

' I m n 
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241. Again, Or the centre of the inacrihed circle (Art. 213. (308).) 
18 given hy the equations 

a = ^ = y= - = r, (373) 

arid therefore (Art. 20. (10).) coincides, as we know from the 
geometry to be the case, with the point of intersection of the 
bisectors of the angles of the triangle. 

242. Hie centre 0^ of the circle escribed on BC (since it is the in- 
tersection of the lines j8 — 7 = 0, y + a = 0, a+i3 = 0)is given 
by the equations 

— a = p = y — T- ; 

-Y c — a 

8 



8-— a 
243. 



= r,. (374) 



{S,), acoBAa^ + hcosBfi'^ -^ ccos 6y = 0. 

The equation of the tangent at any point (aj, ft, y^) on the self- 
conjugate circle (Art. 210, (274).) is 

a cos Aa^a 4- h cos Bfii^ + c cos Cyiy = 0, (375) 

and the condition oftangency for (?, m, n) (Art. 212. (297).) is 

' +r^ + T4v,= 0. (376) 



a cos A h cos B c cos C 

244. Also (Art. 213. (309).) 0„ the centre of the self-conjugate 
circle, is such that 

— — — 2iSi 

cos ^ a = COS B^ = cos Cy = 



a sec A -\- b sec B -\- c sec C 
= 2i2cos^cosJ9cos67, (377) 

and therefore (Art. 25. (18).) coincides with Pj* 
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245. Theorem, — In any triangle ABC, the feet of the perpendiculars 
from the vertices {which meet in P^, the bisections of the segments 
AFif BF2, CP^y and the middle points of the sides, are nine points 
which lie on the same circle ; and this circle touches the inscribed and 
the three escribed circles of the triangle. (Nouvelles Annales de 
Mathematiques, 1842). 

The following general form of this Theorem is given by 
M. Terquem in the same paper. 

If through the vertices of any triayigle AB (7, inscribed in a conic, 
three straight lines be drawn conjugate to the opposite sides ^^ these 
three lines intersect in a point P ; and the three points in which they 
meet the opposite sides of the triangle, the bisections of the segments 
APy BP, CPj and the middle points of the sides, are nine points 
which lie on a second similar and similarly situated conic : also this 
conic touches an inscribed conic which is similar to the given one and 
similarly placed. 

The equation of the nine-point circle will be found hereafter 
(Arts. 253, 254). 

246. To shew that the equation of a circle may always be written 
in the form 

a^ +bya + cap =:[aa+bp+ Cy) {la + W)3 + Wy) ; 

/, m, n being arbitrary constants. 

The general equation of the second degree 

(f,{a, p, y) = Aa"" + J^/S^ + Cy^ + 2BPy + 2Eya + 2Fap = 

may, since cto + JjS + <;y == 2)S, be written in the form 

Abc{bp + cy—2S)a + Bca{cy + aa-28)p + Cab{aa^bfi-2S)y 

--2abc{Bpy + Eya + -Fa/3) = 0, 

* Straight lines are said to be conjugates with respect to a conic when they 
are parallel to conjugate diameters. 
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or, 
a{£(^+ CP'-2mc)py+h{ Ca^+A(P-'2i:ca)ya+c{Ah^+Ba^-2Fah)ap 

^2alcs{^ + f+^)=0. (378) 

But, if (f){a, )3, 7) = represent a circle, we have (Art. 149. (195).) 

£^j^ CP-2I)hc=: Ca^ ^ Ac" - 2JEca =. AJP + Ba^ -- 2Fah 

= h (say) ; (379) 

and (378) becomes 

. T . 2/Sf , M B C \ , , 

a^y + hya -\- Ca^ =^ -j ahc [—a+ -JP+—y) (^^O) 

ahc, , JA B , C \ 

(381) 

which is of the required form, the values of I, m and n being 

Ahc Bca Cah . 

-T-> — 7-> ~r"» respectively. 

For examples of this form of equation to the circle the reader is 
referred to Arts. 252 et sqq. 

247. The form of the equation arrived at in the last Article 
shews (Art. 169. {B),) that every circle meets the circle 

a^y + hya + Ca/S = (382) 

in four points, two of which are imaginary, the straight line at 
infinity (Art. 52) being always one of the chords of intersection. 
Hence all circles pass through the same two imaginary points at 
infinity. 
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If this property be assumed, it follows at once from Art. 169 
that the equation of a circle may be written in the form 

a^y + hya + Ca^ = («a + J/3 + Cy) {la + mfi + Wy), (383) 
or afiy + hya + caP=^28{la + mp-\-ny). (384) 

I 

248. The equation of the other chord of intersection is evidently 

la+mp + ny = 0; (385) 

this therefore is the equation of the radical axis of (383) and the 
circumscribed circle (382). 

249. Tojlnd the equation of the radical axis of two circles. 

Let the equations of the circles, when thrown into the form 
which has just been investigated, be 

a^y + lya + Cafi = (flto + ^^ + Cy) (^i« + ^^ijS + ^iV)* 
and apy -\- lya + ca^ = (aa -\- hp-^- Cy) {l^a + m^ + W27). 

Subtracting, we get 

{aa + J/3 + cy) {{li-k)a + (w, - m^)^ + (^1-^2)7} = : (386) 

hence, one of the chords of intersection (Art. 167) is imaginary 
and at an infinite distance (see also Art. 247) ; the other is real 
[except in the case of concentric circles (Art. 251),] and is repre- 
sented by 

{h - h)a + (mi - m;)p + (% - W2)7 = 0, (387) 

which is therefore the equation of the radical axis. 

250. If the equations of the two circles be given in the general 
form 

^la^ + ^1/3^ + C,y^ + 2I)^y + 2i:,ya + 2Fyafi = 0, 

A^^ + BS^ + C^ + 2B^y + 2^27" + 2i^2a^ = 0, (388) 
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the equation of their radical axis (Art. 246. (381).) will be 

-l(t-t)-+Kf-t)^+Kf-t)-»' « 

the values of ^i, ^j being similar to that which h has in the Article 
referred to. 

251. Suppose the given equations to differ only by a constam 
term, or, which is the same thing, by a multiple of aa + 5j3 4- ^ 
The circles, in this case, are concentric^, and we get on sub- 
traction 

{aa + 3^3 4- cy)- = ; 

which shews (Art. 249. (386).) that both chords of intersection ar( 
imaginary and coincide with the straight line at infinity. Henc< 
it is to be inferred that concentric circles touch each other in twi 
imaginary points at infinity, 

252. To find the equation of the circle inscribed in the 

triangle AB (7. 

Let it be assumed (Art. 247. (383).) to be 

«i3y + Jyo + Ca^ = {aa + h^ + Cy) (la -\- mfi + »y). (390^ 

» 

*> For the centre of the conic 

<>i(«> )8» 7) + 2*(aa + b$ + cy) = 

18 (Art. 137. (166).) given by the equations 



\.da / \dfi J \dy 



h.\ + 2iJ (^ + 2ic 



a 



mMM 

a h c 

and the conic is concentric with the conic <f>^(a, fi,y) = 0. 
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Since the circle passes through Ar, (0, («—{?) sin C, («— 5)sin^), 
or (Art. 26), f n tt tt* -? r h ^^^ point of contact of the side 

\ * b{8 — 0) C{8 — C)) 

BC, we have by substitution in (390) 



bc{s 






Hence, 77 rr + "7 \ = T ' ^ -^ 

^(«— J) c{8 — c) aoc 

Similarly, ^^ + -7-^ = -^. (392) 

•^^ ■ c{8 — c) a(8—a) aoc 

and — + ^ = — . (393) 

a{8—a) h{8—h) dbo 

Therefore, subtracting (391) from the sum of (392) and (393), 
we get 

21 . _ h + c—a __ 2{8—a) 



and therefore, by symmetry, 

I _ ^ _ ^ __ 1 

a{8—af ~" J(«— ^)^ ~ cis—cf "^ «6c' 

and (390) becomes 



(394) 



afiy + Jyo + ^«i3 = ^ {4«-a)2a + h{8-hf^ + <«-^)V}» (^95) 
which is the required equation. 

253. To find the equation of the circle which pa88e8 through the 
middle point8 of the 8ide8 of the triangle ABC, 

Suppose the equation to be 

flf/Sy + V + ^«i3 = {aa +hp + cy) {la + mp + Wy). (396) 
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Since the circle passes through the middle point Ai 
(o, I sin C, I sin i?) or (o, 1, 1^, (396) gives 



Therefore, 



Similarly, 



and 



ahc 


■~~ 4 


'V 


b 


T 

C J 


m 
b 


+ 


n 
c 


— 


a" 
2abc 


n 
c 


+ 


I 
a 


— 


2abc 


I 
a 


+ 


m 
h 


= 


lobe 



(397) 



(398) 



(399) 



Subtracting (397) from the sum of (398) and (399), we have 

a 2abc a' 

therefore, by symmetry, 



cos A cos-ff cos C 2 
and, substituting these values of I, m, n in (396), we have 

a^y +bya+ Cap=z- [aa + 5)3 + Cy) (cos ^ a + COS Bfi + COS Cy), 

(401) 

254. To find the equation of the circle which passes through the 
feet of the perpendiculars from the vertices of the triaiigle AB C upon 
the opposite sides. 

Assuming the equation to be 

a^y + bya + Ca^ = (flfa +5)3 + Cy)(jla + m^ + Wy), (402) 
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we have, since it passes through A^ (see Art. 235) (0, j^acos C, 

Pa cos B) or ( 0, 5, tJ, 

^ \ cos^ cos 67 



cos -ff cos (7 Vcos-ff cos(7/\cos-ff cos (7/ ' 



that is, since I cos C -\' c cos J9 = flf, 

+ ::7r7v = 1- (403) 



C0SJ9 COS C 

Similarly, -^ + —. = 1, (404) 

•^^ cost/ COS^ ' ^ 

and -^ + ^ = 1. (405) 

COS^ COS^ ^ 

Hence, subtracting (403) from the sum of (404) and (405), we 
find 

-^ = 1 

cos -4 ' 



and therefore, by symmetry, 

I __ m _ n __\ 
cos^ cosJ9 cos (7 "" 2 ' 

values which give for the required equation 



(406) 



a^y 4- hya -\- Ca^z=.-{aa + 1^ -^ Cy){c08Aa + COS^jS + COS Cy), (407) 

255. The resulting equations of the last two Articles, it will be 
observed, are identical, and M. Terquem's Theorem (Art. 245) is 
proved so far as the six points A^ Bi, Ci, A^, B^, C2 are concerned. 
With regard to the three remaining points it is only necessary to 
remark that the circle which passes through -^j, B2, C^ must like- 
wise, by what precedes, (since these points are also the feet of the 
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perpendiculars upon the sides of the triangle ABP^ from the ver- 
tices which subtend them,) pass through the middle points of AP2, 
BP^^ and, for a similar reason, must also bisect (7Pj. 

256. Thus it appears that (407) is the equation of the nine-point 
circle Sg. That part of the Theorem of Art. 245 which refers to 
the contact of this circle with the inscribed and escribed circles of 
the triangle ABC may be verified by applying the condition of 
tangency (Art. 131. (155).) to the equation of the radical axis (see 
Art. 262) of S^ with Sr, Sa, Sj, and Sg successively. 

257. Fig. 41 exhibits the relations in which these circles stand 
to one another, and the position with respect to them of certain 
important points connected with the triangle of reference. Thus 
Ori Oi, O9 and P2 are collinear, O9 being the bisection of Pj Ojt, and 
G1P2 =i2GiOjt, Again 0^, G^ and Gahe are collinear, and G^ Gau = 
26^^10^. Hence also P^Gabc is parallel to 0^0 r, and P^G„xk = 
20,0jj. 

258. The centre of the nine-point circle is manifestly the intersec- 
tion of perpendiculars to the segments A^A^^ B^B^y Ci C^, at their 
middle points. 

If therefore a, j3, y be the co-ordinates of O9, we shall have 
(Art. 238. (366).) and (Art. 244. (377).), 

— 1 B 

a = o (-K cos ^ + 2i2 cos B cos C) = —cos {B— C), 



and therefore, by symmetry, 



fi y It 



co8{B-C) ~ cos{C-A) ~ coB{A—B) 



(408) 



259. To find the equation of the circle which passes through 

0«, 0„ 0, (Art. 235). 

Let the equation be assumed to be 

apy + hya + Ca^—{aa -}- ijS -}- (Jy) {la -f ^WjS + ny) = 0. (409) 



«ff.4l. 



©8 
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At Oa we have 

— a = ^ = y = fa. 

Therefore «— 5— c— (<?— 5— c)(Z— m— w) = 0, by (409) ; 
whence, Z — m — w = 1 . 

Similarly, — ^4-w — w = l, 

and —I — m + n •=• 1. 

These equations give 

Z = m z= w = - 1, (410) 

and, substituting these values for Z, m, n in (409), we get 

apy + Jya + CoiS + (flto + 5/3 + ^) (a + iS + y) = (411) 

for the equation of Sai^. 

260. To find the equation of the circle which passes 

through Or, Ob, Oc. 

Proceeding as in the last example, and substituting in (409) the 
values of a, /3, y at the points 0„ O^, Oc successively, we get to 
determine I, m, n, 

I -\- m -\- n =L 1, 

— I + m — n z=. 1, 
and -— I — m + n z= 1: 

whence, 

— l=im=:n=il, (412) 

and we have for the equation of Srtc 

a^ + hya + e?ai3 + {aa + J/3 + Cy) («— jS— y) = 0. (413) 
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261. The equations of some of the more important circles are 
collected in the subjoined list. For the sake of shortness 2^ has 
been substituted for aa-\- h^ -\- cy. For an explanation of the 
notation employed the reader is again referred to Art. 235. 

28 
28 

{So), apy+hya+Cafi ^—{a8'a + 5(« - cffi + <« - *)S} = 0. 

28 
{8i). afiy+hya+ca^ 7" {<« — cfa + hs^fi + C{8 — afy} = 0. 

28 
{8,), afiy+hya+Ca^ - -j {a{8 - bfa + h{8 - af^ + CS^y} = 0. 

{89). aPy+hya+Cap — 8 {cos^ a + COSB fi + COsC^} = 0. 

{8,), aPy+hya+Cafi — 28 {cos^ a + cobB ^ + cosC'y} = 0. 

{Sabc)' afiy+hya+Cap + 28 {a + fi + y) = 0. 

{8rbc). a^y+hya+CaP + 2/Sf (a - /3 - y) = 0. 

{8arc)' a^y+hya+Cap + 28 {fi — y — a) = 0. 

{Sabr)' apy+hya+CaP + 28 {y — a — p) = 0. 

262. The radical axes of these circles taken in pairs, are repre- 
sented (Art. 249) by the following equations : — 

{8^) and {8r). a{8-afa -J- h{8-hfp ^ c{8-cfyz=z 0. 

{Sr) . . . (^a). ««'a + h{8-hyp + c{8-cyyz:z 0. 

{8ji,) . . . (/S9). cos -^4 a -J- COS Bp-\- cos(7y = 0. 

{8s) ..,{8,). cos ^ a -J- cosBp+ cosC^7 = 0. 
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(«js) and («„»,). a + /3 + y=0. 

(Sj) .-.{Sru)- a-j3-y = 0. 

da , hQ . Cy 

(«,) ...(;S,). i^ + — + ^x = o- 

^^ ^^ J+c c+« a—0 

(S,) ... (/S9). cos Aa + COS -5/3 + cos Cy = 0. 

{Sabc) . . . (^r6c)- ^ + 7= ^• 

(^o6c) • . . {Sarc)' y + a = 0. 

{^abe) - ' ' {Sabr)- a + ^ = 0. 

(^orc) • • • (Sabr)' ^ — y = 0. 

(^«*r) . . . {Srbc)' y — a = 0. 

(^rftc) • • • (Sarc)' — ^=0. 

From the above it appears that 8;^, S,, and Sq are coaxal circles, 
a conclusion to which we are also led by a comparison of the 
equation of S9, which may be written in the form 

a2sin2J:+/32sin25+y28in2C-2(/3y sin^+yasin^+a/Ssin C) = 0, 

(414) 
with those of S^ and S, (Eqq. 315, 320). 
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263. The co-ordinates of some of the principal points referred 
to in Art. 235 will be found below : — 



(Or). a = /3 = 

(0,). -a = ^ = 



=:r. 



= ^«. 



{Oc). a = ^ = -y =r,. 

a ff __ y ^ 

( ^»)- co8(i/- C) "" cos(C-^) ~ cos{A-B) ~ 2 ' 

(-Pa) or C^.)' cos^a = cos^^ = cosCy = 2j5cos J^cos-5cos C. 

- 2S 

(G^j). aa = hfi = ^ = y 

(6^r). a{8-a)a=ih{8-h)^^ C{8-C)y. 

aa . hfi Cy 

( n. \ = — ^ = — — = 2/\ 

K^dbc)' ^_^ ^_j g_^ 
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CHAPTER X. 

GENERAL THEOREMS AND PROBLEMS. 

264. A conic is coim^letely determined when five points upon 

it are given, 

Por the most general form of the equation of a conic, viz. : 

Ac? + B^" + (V + 2i)/3y + 2Eya + 2Fafi = 0, (415) 

involves six constants, and the five equations which we obtain by 
successively substituting in (415) the co-ordinates of the given 
points are sufficient to determine their proportional values. 

265. A conic ia completely/ determined when five tangents to it 

are given. 

The condition that any line (?, m, n) should touch the conic 

(415) is (Art. 131. (157).) 

A'l? + B'm" + Cw" + 2iymn + 2E'nl + 2F*lm = ; (416) 

and, if five tangents (^i, Wi, »i), (^, m^^ Wq), . . . be given, we shall 
have five such equations, whence the proportional values of 
A\ B*, C\ , , . may be determined. These being known, the pro- 
portional values of the coefficients in (416) — ^the constituents of 
the determinant A, are also known. This proves the proposition. 

266. If from a point two chords ORiR^, OS^S^ he drawn in 
given directions, to a curve of the second degree, the ratio of the 
rectangles under the segments of tlhe chords is the same for every 
position of 0, 
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For (Art. 13. (8).) the distance of (oo, jSq* To) from the curve, 
in any direction, is given by the equation 

0(X, fi, v)r +..,.+ <^(ao, 001 yo) = 0. 

Hence, if (Xi, ftj, yj), (X2, /^> I'a) are the two fixed directions, we 
have 

Oi2i . OR2 <i){aQ, 00? yo) 0(ao» 0o> yo) 
O/S^i . OS2 0(Xi, /ij, 1/1) (^(Xa, /i2i ''2) 

__ <^(^2» M2> ^2) 
~ <^(Xi, fii, vi) 

an expression which is independent of oq, 0o> yo» a^d is, therefore, 
constant for every position of 0, 



267. To prove that the anharmonic ratio of the pencil formed hy 
joining four points on a conic to any fifth point on it is constant. 

Let Pi, P^i P3, P4 be the four given points, and -4,-5, C any other 
points on the conic. 

fig. 42. 




Take the inscribed triangle AB€ for the triangle of refer- 
ence; then the equation of the conic (Art. 180. (iV).) will be of 
the form 

L , M ^ N , , 
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Let us assume 

y — ^1 a = 0, 
y — ^a = 0, 

(418) 

y — ^a = 0, 

y — ^40 = 0, 

and 

^ — X*i o = 0, 

j3 — h^a = 0, 

(419) 
/3 — ^ a = 0, 

^ — Iz^a = 0, 

for the equations of the successive rays of the pencils 

{B. F^FJP^P^ and { C, P1P2P3P4}, respectively. 

The point of intersection of the first pair of corresponding rays 
in (418) and (419) is given by the equations 

a y 

1 hi Ai ' 
therefore, since Pi is on the conic (417), 



Hence 7^4 = — 



Zyfei + if' 



and we should get similar values for Aj, A3, A4, in terms of ^, ^3, ^4, 
respectively. 
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Taking, therefore, one of the anbarmonic ratios (Art, 92. (113).} 
of tlie first pencil, since 



K-h=-T 



" (M + Jf ) (iA, + if) "-' 
etc. = etc., 
we get 

Aj — ^ ' Aa — A, ~ ij — Aj ' ij — i. 

The equality of the other ratios may be shewn i 
We have therefore 



{B.P^P^PiP,) = {CP^P^P^P,), 
and the truth of the proposition is established. 

268. If the centres of the two pencils be mode the opposite 
vertices of an inscrihed quadrilateral, the proof of the Theorem 
of the last Article will be somewhat simplilied. 
FK-ti. 




Thus; let A,ff be the centres of the two pencils, ABC the 
triangle of reference, and 8 = the equation of the fourth side 
BB" of the quadrilateral. The conic will be represented (Art. 
208. ( V).) by an equation of the form 

ya = i^S. (420) 
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Let US assume for the equations of the corresponding rays of the 
two pencils 

p - l,y = 0, 
/3 - ^y = 0, 



(421) 



and 



a — niiB = 0, 
a — m^h = 0, 
a — m^^ = 0, 
a — ^4^= 0; 



(422) 



then, since they intersect on the conic, we get by substituting for 
a and p in (420), 

nil = ^^i> 

^2 = I^hy (423) 

and the second pencil is represented by the equations 

a — klib = 0, 

a — Hc^ = 0, 

a — Jcljb = 0, 

a — Ujb = 0, 
and is therefore (Art. 93) homographic with (421). 



\ 
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269. Four fixed tangents to a conic are cut hy any variable tangent in 
points whose anharmonic ratios are constant. 

Let ABC, the triangle formed by any three of the fixed tan- 
gents, be taken as the triangle of reference. 

Fig. 44. 




The equation of the conic (Art. 187. (O5).) will be of the form 

{Laf + {Mpf + {Nyf = 0. (424) 



Suppose the equation of the fourth fixed tangent to be 

la + mp -J- wy = 0, 



and let 



Xa + /iiS + 17 = 



(425) 



(426) 



represent any variable tangent meeting the four fixed ones in 
Pi^ P'2, JPz^ Pa- 



The condition of tangency (Art. 212. (295).) gives 



L ^ M ^ N 



(427) 
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and + _ + _ - 0. (428) 

A /x y ^ ^ 

Now the successive rays of the pencil {A -PiPiP^Pi} may be 
readily shewn to have for their equations 

i3= 0, 

(mX — lfi)P+ {n\ — lv)y = 0, 

y = 0, 

and /Li)3 + yy = 0, respectively. 

Hence (Art. 92. (113).), the ratio 

P1P2 PiPA_h — h ^1 — ^4 r , , ^ , n\ — Iv 

: = 1 7- . 7 r» when h == 0, ajo = — :: 7-» 

PzPi PzPi fC^ — k^k^ — k^L mX — Ifj. 



=[f] 



fi J 



n\ — Iv 



1 1 

W I — 

/i(nX — ^y) _ \ /y ^X> 

Mn 



= — -=^» a constant quantity ; 

the last step following by reason of (427) and (428), which give 
by cross-multiplication 

L ^ M __ N 

J 1_'~JL 1_""J 1_' 

nil mv h n\ m\ Ifi 
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270. PascaVs Theorem, — The three pairs of opposite sides of a 
hexagon inscribed in a conic intersect iri points which lie in the same 
straight line. 

Let AUCDBF be any inscribed hexagon, and let ABC be 
taken as the triangle of reference. 

Fig. 40. 




The equation of the conic will be (Art. 180. {N),) of the form 



Suppose 



L M N 

— + -^ -h — = 0. 

a ^ y 



(429) 



^BB\ 

{CB). 

{CU), 
{AE). 



a 
a 

/3 



= X'ly ) to be the equations of the two 



= k,y \ 
= hfi ) 

= ha \ 

= hy] 



sides which intersect in 



{BF). y^z^a) 



A 



F, 



F. 



Since i>, ^, -Flie on the conic, we have from (429) 

L + Mh. + Nh = 0, 
Lh + M ^Nh=^ 0, 
Lh + Mh + N =0, 



and, therefore, 



1, kz, ki 

h, 1, ^4 =0. 

k^i k^f 1 



(430) 
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But the condition that the opposite sides should intersect on the 
same straight line, 



la + mfi + ny :=! (suppose), 



(431) 



is 



= 0. 



(432) 



1 , AJ3, Kq 

For the intersection on (431) of 



CE and jBi^ gives I + mk^ + w^e = ; 

that oi AF ...CD . . . Z^j + »^ + w^g = ; 

. . . B2) . . . AE . . .Iki + mk^ + n = 0. 

But the conditions (430) and (432) are identical ; hence the 
theorem is proved *. 

271. Brianchon*8 Theorem. — The diagonals which connect the three 
pairs of opposite angles of a hexagon described about a conic tneet in 
a point. 

Fig. 46. 

A 




Let the circumscribed triangle ABC be taken as the triangle of 



• This proof of Pascal's Theorem is given by Mr. Ferrers in his treatise on 
Trilinear Co-ordinates. 
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reference; then the equation of the conic (Art. 187. (0^).) will be 
of the form 

{La)^ + (Jf^)* + (i\y)* = 0. (433) 

Let AiA2i BiBii Ci C^, the other three sides of the hexagon, have 
for their equations 

/,a + Wi/S + Wiy = 0, 

ka + W3/3 + «jy = 0, (434) 

and I310L + m^fi + n^y = 0, 

respectively. 

It may be proved by the usual method (e.g. see Art. 98) that 
the equations of the three diagonals Bf>Ci, A^C^ -^lA are, re- 
spectively, 

a + T"^ +-7-7 = 0, 
'a+ /3-f — 7 = 0, (435) 



— a + — i3+ y = 0. 
ni W2 ' 

Also, since (434) are tangents to the conic (433), we have 

Z M ]}^ 

T + — + — = 0. 
/i mi Til 

L M N ^ 

-r + — + — = 0. 

I2 m^ W2 

L M N ^ 

-r + — + — = 05 
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and, therefore, 





1 


1 


1 9 


nil 


«i 




1 


1 


7 9 


9 


^ 




1 


1 



T' 



m^ Ma 



= 0; 



(436) 



but this may be written in the form 



or, 



1 


1 


1 


/,' 


k' 


/a 


1 


1 


1 


mi 


ni2 


^3 


1 


1 


1 




»2 


% 


1, 


ni2 

I,' 




• 9 


1. 


«3 


!», 




»«3 




■ » 
«2 


1 



= 0. 



= 0, 



which (Art. 55. (60).) is the condition that (435) should meet in 
a point. This proves the theorem. 



272. To find the locus of the centre of a conic which touches three 
given straight lines and passes through the given point (ai, i3i,yi). 

Let the given tangents be taken as the triangle of reference, and 
suppose the equation of the conic to be 

{Laf + (i/)3)* + (iVy)* = 0. 
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The centre (Art. 213. (308).) is given by the equations 



^ 



_ y — 



Nh^Mc^ Lc^ Na^ Ma + Lh^ k ^^^^ ' 



whence, 



and 



Mc + Nh+ ak:=0. 



Lc 



Lh + Ma 



+ y* = 0, 



which give 



L 




If 




J^ 


c, h, a 




0, h, a 




0, C, a 


0, «, jS 


— 


c, a, ^ 




c, 0, ^ 


a, 0, y 




5, 0, 7 




h, a, y 



or, 



K - ^_ _ ' (437) 



rtj( — «a + 5/3 + ^) 5(aa— 5i8+ t?y) c(«a + JjS—tJy) 



But, since (ai, /Sj, yi) always lies on the curve, 

{La,)^ + (if/30* + (iVy,)* = ; 



(438) 



and, substituting in (438) for Z, Jf, iV from (437) and writing 
a, j8, y for a, /3, y, we get for the equation of the locus 

s/{aa,{- «a + 5/3 + Cy)} + >/{5ft(dki - 5/3 + Cy)} 

+ >/{^yi («a+ 5/3 - ^)} = 0. (439) 



Now, 



— «a+ 5/3+ (?y=0, 
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and 



Oa — 5^ + e^y = 0, 
aa •\- hfi ^ Cy m 0, 



represent the sides of the triangle Ai B^ C^ whose vertices are the 
middle points of the sides of the triangle of reference. The re- 
quired locus, therefore, is a conic section which touches the three 
sides of the triangle J[i^iCi. 



273. To find the equation of the polar reciprocal of the come 

<^i(a, /3, y) = ^la^ + B,^' + C,y' + 2J),fiy + 2^iya + 2F,aP = 0, 



with respect to the conic 

</)2(a, /3, y) = A^"" + ^20" + C'ay' + 2i)2i3y + 2^2ya + 2F<fiP = 0. 

Let (a, j3', y') be a point on the reciprocal curve. Its polar with 
regard to </)2(a, /3, y) = has for its equation (Art. 134) 



d(t>2\ fd<f>.A fd(t><i\ _ 



and the condition that it should be a tangent to ^i(a, /3, y) = is, 
therefore (Art. 131. (155).), 



da' 



£u A, 



A. 



<?<^2 



,d^ I \dy 



^da 

W J 

d(l>2 

^dy 





= 0. 



Hence, suppressing the accents, we have for the equation of the 
polar reciprocal 
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^1, 



A, 






Cu 



- it) 



fd(l)2\ fd<f)2\ fd<l)2 



jp y' \dy ;' 



^dy 




or; to use the notation hitherto employed, 



= 0; 



*■ K^)' it} iW = "■ 



(440) 



(441) 



EXAMPLES. 



Throughout the following examples, except when the contrary is 
stated, AB C is used to denote the triangle of reference* ^^ 

I. 

Find the proportional values (Art. 26) of the co-ordin^s of the follow- 
ing points ; ABC being the triangle of reference. 

1. The middle point of the angle-bisector AAq. 

If I be the length of AA^ the actaal values of the co-ordinates will be 

-^-- sin — -, — sin — -, — sin — -, and their proportional values (J + c, a, a). 

itOt 2 2 2 2 2 

2. The middle point of the side-bisector AA\, 

8 d d 

The actual co-ordinates are — , — sin C, j sin B, and the point may be repre- 

sented by ( — , t-, -- ]. 
Va cj 

3. The middle point of the perpendicular AA^^ 

Ans. (1, cos C, cos B). 

4. The point of intersection of the side-bisector BBi with the angle- 
bisector CCq. 

The equations of these lines are, respectively, cy — aa = and a — $ = 0, 
Hence the actual values of the co-ordinates of their intersection are aa = a& 

= C7 = r, and their proportional values ( — , — , — |. 

2a + \a a c J 

5. The intersection of the external bisectors of the angles B and C. 

Ans. (— 1, 1, 1). 
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n. 

6. Shew that the three perpendiculars drawn to the sides of an equi- 
lateral triangle, from any point within it, are together equal to the altitude 
of the triangle. 

7. Prove that 

Ai 9mA + Bi^mB + (7i sin (7 = ; 

where A\, Bi, C\ are the areas of the triangles formed by joining the ver- 
tices of the triangle ABC to the centres of the inscribed and escribed 
circles. 

8. Shew that the sum of the reciprocals of the distances of Gi (Art. 263) 
from the sides of the triangle of reference is equal to three times the radius 
of the inscribed circle. 

For the notation employed in the following examples the reader is 
referred to Art. 235 and fig. 41. 

9. Prove that 0^ is the middle point of F2OR (Art. 257). 

Let a,, a,* a.R be, respectively, the a- co-ordinates of the three given 
points. Then, by Art. 263, 

On + 02 = -2 cos ^ + 2B cos ^ cos C 
= i2co8(^- C) 

and the same is true, by symmetry, for the a - and 3 - co-ordinates. 

10. Prove that GiPi = 2G^0r (Art. 257). 

11. Shew that G^Gahc = 26^1^. 

12. The sides of the triangle of reference being 5, 12, 13 ; construct 
(Art. 15) the line whose equation is 

2o - 3/8 + 47 = 0. 

m. 

Write down, in their symmetrical forms, the equations of the following 
right lines (Arts. 7, 8, 9) : — 
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13. The straight line through A which bisects the LB AC of the triangle 
of reference. 

AAA 
The fl, ^ and ^ of thig line are, regpectively, -^ + C, — -, and — - j its 

2 2 2 

direction-cosines, therefore, (since, by Art. 8 % they are equal to — sin 0, sin 4>, 
sin 4/) are 

, (A \ . A , A 

-sin|^— + Cj,sin— ,sin — . 

— , 0, J. Hence the required equations are 

25 

« ^ 



— sin [ — + C\ sin — si 



A 
sin — 
2 



14. The straight line through A perpendicular to BC. 

Its B, <i> and i^ are, respectively, o» o "" ^» o — -^ » ^^^ direction-cosines, 

2 i2 2 

therefore, are — sin —, sin [ — — C j, sin ( - — ^ j; and, since it passes through 

the point [ — , 0, |, its equations are 

25 

a $ y 

— 1 cos C COS C 

15. The straight line perpendicular to AB through its middle point. 

Its direction-cosines are cos B, cos A, — sin -, and its equations, therefore, 

2 

a—rrSinB fi — '-sinA 

2 2 7 



cos B cos -4 — 1 



* When the direction-cosines of a straight line through one of the vertices 
are sought, the signs of the denominators (Art. 8) are best determined by con- 
sidering the segments of some straight line parallel to the given one. 

N 
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16. The straight line through (7 parallel to AB. 

The direction-cosines are — sin B, sin A, sin 0, and its equations, there* 
fore, are 

a $ '^ 



— sin £ sin ^ 

17. The straight line through B at right angles to AB. 



28 



cos B cos A 1 



IV. 

Find, in the homogeneous form, the equations of the following right 
lines : — 

18. The straight line through C parallel to AB, 

The equation must be capable of expression in either of the forms 
a + k^fi = (Art. 16) and {aa + JjS + cy) - Jc^y = (Art. 67) : identif>'iug 
these, we get k^ = c, and for the equation required, aa + hfi — 0. 

19. The sides of the triangle DEF, formed by joining the points in which 
the angle-bisectors meet the opposite sides of the A of reference. 

First method. — The bisectors (Art. 19) are /8 — 7 = 0, 7 — o = 0, o — /8 = 0. 
The equation of JSF, since ib passes through the intersection of 7 — a = and 
j8 = 0, must be of the form 7 — o + A:^j3 = 0; also of the form o — jB + k^y = 0, 
since it passes through the intersection of a — jS = and 7 = 0. Identifying i 
these, we have k^ =1$ k^ = — 1, and, for the equation of JEF 

— a + i8 + 7 = 0. 

Similarly, o — j8 + 7 = 0, 

and a + iS — 7 = 0, 

are the equations of FD, DF, respectively. 

Second method. — The co-ordinates of D, F, F are, respectively, proportional 
to (0, 1, 1), (1, 0, 1), (1, 1, 0). Hence the equations of the joining lines may be 
written down at once from eq. 58. Art. 68. 
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20. The straight line wliich joins the intersection of 

2aa + bfi + cy = and 6fi — cy =: 

with that of 

2Aa + a$ + cy == and afi — cy = 0, 



Ans. 



ah 



—-^(a-0) + cy^O. 



21. The straight line through A at right angles to AB. 

First method. — Take any point P on this line, and draw PQ perpendicular 
to CA, Then, from the geometry. 



7 



PQ -PAsmPAQ 



PA PA 



= — cos A, 



Therefore 



+ cos Ay = 0; 



which is the required equation. 



Second method. — Its direction-cosines are 



cos B, cos A, — 1; 
and it passes through the point A, whose co-ordinates are proportional to 

1, 0, 0; 
hence. Art. 59. (71) gives for the required equation 



cos -4, — 1 
0, 



o + 



— 1, cos^ 
0, 1 



iS + 



cos B, cos A 
1, 



7 = 0, 



or 



j8 + cos^7 = 0. 



Third method. — Tlie equation must be of the form $ + ky = 0, since the 
line passes through A, And, since it is J.*' to 7 = 0, we have by Art. 72, 
k — cos^ = 0. 

.'. $ + cos^7 = 0. 



22. The straight line which joins B2, C2, the feet of the perpendiculars 
from B and C upon the opposite sides. 



180 
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The co-ordinates of B^, C, are proportional to 

cos C, 0, cos A, 
and cos ^, cos ^, ; 

hence Art. 58 gives for the required equation 



0, cos^ 
cos^» 

or. 



a + 



cos^, cos C 
0, cos^ 



$ + 



cos C, 
cos JB, cos A 



coa Aa — cobB$ — coaCy = 0. 



7 = 0, 



23. The straight line which joins the middle points of the sides CAy AB. 
Also shew that it is parallel to BG. 

Let the equation be la + m^ + ?»7 = : since (Art. 1) it passes through the 
points f ^ sin C, 0, - sin^ ] and / - sin B^ - sin A, ], we have 



K' 






and 



Z sin C + « sin -4 = 0, 
I %\nB + msin^ = 0; 



and the required equation is 

— sin Aa + sin Bfi + sin Cy — 0, 
or — ao + 5)8 + cy — 0, 

e 

Also, since it may be written in the form 2aa = ao + hfi + cy, or a — -, 

it appears (Art. 67) that the straight line which it represents is parallel to 
BC{a = 0). 

24. The three perpendiculars to the sides at their middle points. Also 
shew that they meet in a point. 

First method, — Let A^ be the middle point of BC and 2) the point in which 
the perpendicular at D meets the second side (CM suppose) of the A. Join DB. 
Then evidently DB = DC = ^(say), and the co-ordinates of D are I sin C, 0, 
/ sin (J? — C). Hence the points A^^ and D may be represented by 

[0, sin C, sin -B] 



and 



[sin C, 0, sin (B — C)] respectively. 
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The equation of the JL*' is therefore, by Art. 58, 



sin (7, sin £ 
0, Bin (B-Cf) 



o + 



sin^. 







6in(5-C), sinO 



^ + 



0, sin C 
sin C, 



•y = o. 



or, dividing by sin C, 

sin (S - C)a + sin Bfi - sin Cy = 0. 

Similarly for the other two perpendicalars we have 

sin (C — A)$ + sin Cy — sin^a = 0, 

sin (A — B)y + sin^a — sin B^ = 0. 

These equations, when multiplied by sin^^, sin^^, sin*C, respectively, and 
added together, vanish. The lines, therefore, meet in a point (Art. 17). 

Second Method.-^The first Jj^ passes through the point (0, sin C, sin 5), 
and its direction-cosines are (—1, cos C, cos J?) : hence, by Art. 59, we have for 
its equation 



sin C, sin B 
cobC, cosB 



a + 



sin 5, 
cos^, — 1 



$ + 



0, sinC 
— 1, cos C 



0, 



or. 



Bin(^ '-C)a + sin Bfi - sin CV = 0. 



V. 



For the notation and method employed in this set ofexamples^ the student 
is referred to Arts. 26, 58, 263, and to Fig. 41. 

25. Find the equation of the straight line which joins Os, and Or, 
It passes through (cos^, cos^, cosC) and (1, 1, 1), and its equation is 

(cos^ — co8(7)o + (cosC— cos^)i8 + (cos^ — cosB)7 = 0. 

26. Shew that the equation of the straight line which joins Pa and 
Oh is 



sin 2^ sin (5 - C)a + sin 2J? sin (C - A)^ + sin 2Csin {A - B)y = 0. 
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27. Find the equation of OgGi. 



|_ sin B sin (7 J 



= 0, 



which is easily reduced to the form of the result of the last example ; hence it 
appears that Oe, ^i» 0, and Pj are coUinear (Art. 257). 

28. Find the equation of OrO^. 

Ans. [co8(^ — ^) — co8(C— ^)]o + &c =0. 

29. Shew that the equation of GiOr is 

e-i)-e-i)-(M>-»- 

30. Find the equation of GiGabc, and shew that Or, Gi and Gabe are 
collinear (Art. 257). 

Ans. The result is the same as that of the last example. 

31. Find the equation of Gr Gabe- 

Ans. a^{h --c)(S'-a)a+ h'^(c ^ a) (s - h) fi + c^(a - 6) (« - c)y = 0, 
or, a^(co8B — coaC) a + h^{coB C — cos A) j8 + c^(cosA — cosB)y = 0. 

32. Find the equation of the straight line which joins the centres of 
the circumscribed and self-conjugate circles. 

Ans. sin2^sin(5 - C)a + sin2^8in(C- A)^ + sin2C8in(^ - B)y = 0. 

33. Shew that the straight line which joins the centre of the inscribed 
circle with that of an escribed circle passes through a vertex of the triangle. 

Ans. The equation of Or Oa is i5 — 7 = 0, which is also the equation of the 
bisector of the angle at A. 
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VI. 

34. In any triangle ABC, the internal bisector of one angle and the 
external bisector of the two other angles, meet in a point. 

Their equations are jS — 7 = 0, 7 + o = 0, o + jS = 0, and if the last be sub- 
tracted from the sum of the other two the result is = 0. Hence (Art. 17), 
the proposition is true. 

35. Find the equation of the line through A which is perpendicular to 



It must be of the form /8 + A.7 = by Art. 16, and the condition of Art. 72 

\ — Jc cos^ 
k — cos^ 



gives 1 — A:\ — (A; — a)cos^ = ^ » . whence \ = -r^ -j- , and the required 



equation is 

(Ar — cos^)i8 + (1 — Ar cos^)7 = 0. 

36. Find the equation of the straight line through the centre of the 
inscribed circle and perpendicular to AB, 

Its direction -cosines are cos^, cos^, — 1, and the co-ordinates 

of the centre are proportional to 1, 1, 1. 

The required equation is, therefore, by Art. 59, 

(1 + cos-4)a — (1 + cos^)/8 + (cos^ — co8.4)7 = 0. 

37. Straight lines are drawn through the vertices of ABC, the triangle 
of reference, and cutting the straight lines 

1 + ^ = 0.1 + ^ = 0, ^ + f = o, 

be c a a 

at right angles. Find their equations and shew that they meet in a point. 

(i 7 
First Method, — ^The direction-cosines of a perpendicular to ^ + -i- = 0, are, 

iC 

by Eq. 84 of Art. 70, 

— c cos C — 6 COS 5, c — J Qxy&Af h — c cos A ; 
or, — c cos C — 5 cos B, a cos B, a cos C 
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Also it passes through A (1, 1, 1). Hence Art. 59 gives for its equation 

J r. = 0. 

cos B cos C 
And the equations of the other two perpendiculars, viz. 

^ 



7 


a 


cos C 


cos^ 


a 


3 



and ^ «e 0, 

COS^ COS J? 

may be written down by symmetry. These three equations vanish identically 
when added together. The lines, therefore, meet in a point. 

Second Method. — The equation of a straight line through A must be of the 

$ y 
form fi — ky = 0, and if it be perpendicular to ~ + — = 0, we shall have by 

c 

\ Jc /\ Jc\ 

the condition of Art. 72 7- ( — j cos ^ ■= 0; whence 

o c \c bj 

, c — ft cos -4 a cos £ _ . , 

A: = ; = — — -- , and the equation is 

o — ccos-A acosC 

0, as before. 



cos £ cos C 

88. rind the equation of the straight line passing through the two 
points defined by the equations 

Ans. lihd'^i^^ — w»3«i)a + «Ji«j2(ni?j — «,Zi)i8 + «i»j(^iW*, — Z,Wj)7=0. 

39. Within a triangle two points are taken. The distance of the first 
from any side is proportional to that side. The distance of the second from 
any side is proportional to the sum of the other two sides. Shew that the 
straight line joining these two points passes through the centre of the 
circle inscribed in the triangle. 

40. If the straight line la + m$ ■\- ny = be perpendicular to o = 0, 
!Ove that I = mcos C + « cos B. 
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41. Prove that perpendiculars drawn to the sides of a triangle from the 
centres of the escribed circles meet in a point. 

42. If through the vertices of any triangle there be drawn three straight 
lines meeting in a point, the three lines drawn through the same vertices 
and equally inclined to the bisectors of the angles will also meet in 
a point. 

43. Two straight lines are drawn from the vertex A ; one through the 
middle point of BBi (one of the bisectors of sides), the other parallel to 
BBi. Find their equations and shew that they are Harmonic conjugates 
with respect to the sides AB^ AG, 

The equation oi BB^ (Art. 22) is cy — aa = 0. Hence the equation of the 
parallel through A (1, 0, 0) is JjS + 2c7 «= o. The middle point of BB^ is 

I — sin C, J-, —smA\ or ( — , ^, — ). Therefore the equation of the first line 
(Art. 58) \sh^ — 2,cy = : and the condition of Art. 95 is satisfied. 

44. Two triangles ABC^ XYZ, have their sides parallel ; viz. YZ to BCy 
etc. . . . : shew that AX, BY, CZ meet in a point. 

Let the equations of the sides of XTZ be a — A?i = 0, i8 — ^, = 0, 7 — ^a = 
respectively (Art. 67). The equation of AX must be of the form i8 — \7 = 0, 
and also of the form /8 — ^, — ix{y — ^,) = 0. Identifying these we get /» = A 

— -— I and the equation becomes 

*8 





/8 


;-^ 


Similarly, we get 




:.-» 


and 


a 


i-' 



for the equations of BY, CZ, respectively, and these three equations when 
added together vauidh identically. 

45. Two triangles ABC, XYZ, are homologous, i.e. are such that their 
corresponding sides intersect on the same straight line (called the axis of 
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homology) ; shew that the straight lines which join corresponding vertices 
meet in a point. 

Let ^ + miS + 117 ss 

represent the axis of homology. We may assume 

Ao + i»i8 + 117 = 0, 

^ + fi/3 + «7 = 0, 

Za + m/9 + ry ■= 0, 

for the equations of TZ, ZX and XF, respectively ; and the equations of 
AX^ BY, CZ will be, respectively, 

(f» - ix)$ - (« - r>y = 0, 

{n — v)y — {I — \)a = 0, 

(Z - A)a — (w — fi)i8 = 0; 

and these when added together vanish identically. 

The student will observe that the last example is a particular case of the 
present, the line at infinity being in that case the axis of homology. The 
centre of homology in Ex. 44 is given by the equations 



a 



B 7 ^S 



ki k^ k^ ak\ + bk^ + ckz ' 

in this example by the equations 

(/ — A)a = (m — /i))8 = (» — v)y» 

46. From the angles A, B, C of 3k triangle, straight lines are drawn, 
through a point 0, to meet the opposite sides in E, F, G, respectively. 
FG, GE, EF are produced .to meet BC, CA, AB, respectively, in F, Q, R 
Prove that P, Q, R lie in one b'ne. 

Taking ABC for the A of reference and assuming (o^, $q, y^) for the 
co«ordinates of 0, we shall have 

$ y y a a $ 



f t 



^o 7o 7o «o «o ^o 
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for the equations of the three lines through the verfcices, and it will he easily 
shewn that P, Q, JB lie on the right line whose equation is 

«o ^o 7o 

47. If three straight lines, drawn through the vertices of a triangle, meet 
in a point, their respective parallels, drawn through the middle points of 
the opposite sides, also meet in a point. 

48. A triangle LMH is formed hy drawing, through each vertex of the 
triangle of reference, a straight line which makes an angle 9 with the 
hisector of the angle at that vertex. Find the equations of the sides. 

. The direction-cosines of the hisector of the /. A are 
hence, hy Art. 32, those of MN are 



cos 



or, - sin f fl + — + b\ - sin | fl - — j, sin / e + — V 

Therefore the equation of MN is, hy Art. 59, since the co-ordinates of A are 
proportional to 1, 0, 0, 

Bm(e + -^y + s\nfe- ^]y = 0. 

Similarly, sin ( + — J7 + sin | e — ja = 0, 

and sin ( + — Jo + sin [ a — J3 = 0, 

are the equations of the sides NL, LM. 

49. Equilateral triangles are described on the sides of the triangle ABC, 
and their vertices joined to the opposite sides of the triangle. Find the 
equations of the joining lines and shew that they meet in a point. 
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The co-ordinates of the vertex of the A described on BC are proportional to 
sin — , sin (~ + C ], sin [ - + b\ therefore, by Art. 58, the equation of the 

straight line which joins this vertex to A (1, 0, 0) is 



an ( 3 + 5 ji3 - sin f I + C l7 = 0. 



Similarly, ^^"^ ( o "*" ^ jT "" ^^^^ ( q" + -^ )« = 0, 



Bin 



in^^ + A\a-An{^ + b\& = 0, 

are the equations of the other two lines. The three, therefore, meet in 
a point 

sin^^ + A\a = sin {^ + b\ - sin (^ + c\y. 



vn. 

50. Through the vertex A of the triangle ABC pairs of lines are drawn 
equally inclined to the sides AB,AC; shew that they form a pencil in 
involution of which the internal and external bisectors of the angle A are 
the double lines. 

Such a pair of lines may be represented by equations of the form 
these may also be written in the form 

Hence (Art. 95), they are harmonic conjugates with respect to the two bisectors, 
and the rest follows from Art. 121. 

51. The equation of a conic being fiy — l^a^ = 0; prove that if the point 
(iS-y) be joined to the points where any tangent meets the curve and the 
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line = 0, the joining lines form with the lines i3 = 0, 7 = a harmonic 
pencil. 

' See Art. 210. (B), 

52. Chords drawn to a conic through a fixed point without the curve 
meet the curve in the points Pi, Qi ; P2, Q2 ; P3, §3 ; etc. . . Shew that the 
pencil formed by joining these points to the point of contact of one of the 
tangents that may be drawn through forms a system in involution of 
which that tangent and the polar of are the double lines. 

(See Art. 225.) 

53. Eind the locus of the pole of a fixed right line with respect to the 
system of conies represented by LM = kR^. 

54. Shew that any pair of conjugate diameters of a hyperbola are har- 
monic conjugates with respect to the asymptotes of the curve. 

Let the equation of the hyperbola (Art. 205) he &y — J^, and let 

«-«o ^ ffjzll = ' ^'"'^0 = y 

be the equations of a chord. The diameter parallel to this is evidently 

iS 7 j8 7 

— = — , or = 0. Putting $ = ^q + fir, 7 = 7© + vr in the equation 

of the curve, we get 

fJ^vf^ + (iSo" + yoH)r + i3o7o - ^ = 0. 
Hence, for the locus of middle points we get 

fiy + yfi = 0; 

and Z. + IL = 

is the equation of the conjugate diameter. This (Art. 95) proves the pro- 
position. 

55. The bisectors of the angles of the triangle ABC meet the conic 

a i3 7 

in the points D,EyF\ find the equations of BD, CB^ BE, 
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M+ N 
Ans. y + — = — = 0, 

Jb 

—j^ — o + i3 = 0, 

56. A conic is described touching the sides of the triangle ABC in 
D,E,F; if P, Q, i2 are the points in which the straight lines AD, BE, CF, 
respectively, meet the conic, shew that BR and CQ intersect on AD, CP 
and AR on BE, and AQ and BP on CF. 

Vide Art. 187 et sqq. 

57. Find the condition that the equation 

L&y + Mya + Na^ = 

may represent a rectangular hyperbola, and hence prove that every rectan- 
gular hyperbola described about a given triangle passes through the point 
of intersection of the perpendiculars from the vertices of the triangle upon 
the opposite sides. 

Ans. The condition required is 

Xcos^ + Mco&B + Nco%C — 0; 

and the co-ordinates of the point P^ (Art. 263) evidently satisfy the equation 
of the conic. 

58. Eind the equation of the conic which touches the sides of the triangle 
of reference ABC at their middle points. 

Ans. {aa)^ + (J)8)* + {ey)^ = 0. 

59. Shew that the equation of the fourth common tangent to the in- 
scribed circle of the triangle ABC and that escribed on BC is 

cos —a + sin — g— ()3 - 7) = 0. 

60. A conic is inscribed in a triangle ABC^ the vertices of which are 
joined to a given point by straight lines AO, BO, CO cutting the opposite 
sides in a, by c, respectively : find the equations of the tangents (other than 
the sides of the triangle) which can be drawn to the conic from the points 
a, b, c. 
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Ans. If (Lay + (M0y + (^7) = be the equation of tlie conic, the 
equation of the second tangent from a will be 

Zmna + (Nm — Mn)m$ + (Mn — Nm)ny = 0. 

61. Find the equation of the ellipse which touches the sides of the 
triangle of reference where they are met by the bisectors of the opposite 
angles. 

Comparing eqq. 238 (Art. 187) with the equations of Art. 19 we find, 
L ^ M — iV; the required equation, therefore, is 

v^o + v^i3 + v^7 = 0. 

62. If three conies have a common cliord, the other three common 
chords meet in a point. 

Jjet 8 —iu = 0, 8 - tv = 0, 8 - tto = (Art. 169) represent the three 
oonics; ^ = being their common chord. The equations of their other three 
chords of intersection are « — fo = 0, to — tt = 0, « — t> = Oj and the straight 
lines represented by these equations evidently meet in a point. 

63. The asymptotes of a hyperbola are tangents to an ellipse; shew 
that the chords which join the points of intersection of the two curves are 
parallel. 

Take the asymptotes of the hyperbola and the chord of contact of the ellipse 
for the sides of the triangle of reference. Then (Art. 208) the equations of the 
two carves will be of the forms 

The equation P6? — m' = 0, therefore represents chords of intersection, and 
from its form it appears (Art. 07) that these chords are parallel to one another 
and to the chord of contact a = 0. 

64. If the angle A of the triangle of reference be a right angle, the 
equation 

represents a conic which has o = for its directrix and A for its focus. 

For i3^ + 7^ represents the square of the distance of any point on the locus 
fVom Ay and the equation expresses that the distance of any point on the locus 
from ^ is in a constant ratio to its distance from BC 
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65. The tangents at the extremities of any focal chord meet in the 

corresponding directrix. 

• 

Assume the equation of the conic in the form given in the last example, 
taking the given focal chord for one side (7 = 0, say) of the triangle of 
reference. It appears as in Art. 195 that 

7 + ^o = 0, 7 — Ara = 

are tangents at the extremities of this chord, and the form of their equations 
shews that they intersect on a = 0. 

66. Pind the locus of the pole of the line 

la + mfi + ny = 
with respect to a conic which passes through the four fixed points 

Ans. ^ + !!!^+^=o. 
a fi y 

67. Find the locus of the centre of a conic which passes through the 
same four points. 

Ans. ^^ + ^J1^^ = 0. 
a i8 7 

68. Eind the locus of the pole of the straight line 

/o + «ij8 + «7 =s= 

with respect to a conic passing through three points and touching the 
fixed line 

Ja + £fi + Cy=.0. 

Ans. »y^A(m$ + ny — la)a} + »y{B(ny + la — «tj8)j8} 
+ v^{ C{la + mfi — ny)y} = 0. 

69. Obtain the equation of the chord which joins the two points 
(«!, iSi, 7i)> (a2, ^2^ 72) on the conic i37 — ^o = in the form 



r /I 1 ^ 2kc~] r / 1 1 \ 2;t*1 



= \ a 
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70. If a quadrilateral be inscribed in a circle, the product of the per- 
pendicular distances of any point on the circumference from two opposite 
sides will be equal to the product of its perpendicular distances from the 
other two sides. 

Let 70 = k$(la + m$ + ny) 

[Art. 208. (v).] be the equation of a conic circumscribed about a quadrilateral 
whose sides are a = 0, i3 = 0, 7 = 0, and la + m$ + ny = 0, 

If it be a circle, we shall have (Art. 149) 

c(mc — nb) = -j- = a{ma — Ih) 

tnc — nb 1 bl — ma b(an — cl) 

or, = T = = — :^ F^ • 

a K —c c^ ^ a^ 

1 _ a(an — cl) (bl — am) + b(bl — am) (cm — bn) + c{cm — bn) {an — cl) 

— -:r-((r — a^ — abc ■{■ -z-{c^ — a^ 
o 

= P + m^ + n^ — 2mn cos A — 2ln cos B — 2lm cos C; 

(la + m$ + ny)fi. 

Hence the equation of the circumscribed circle is 7a = r? i 

^ ^C,m,n^ 

and (Art. 47) the proposition is proved. 

71. If three conies have each double contact with a fourtii, their six 
chords of intersection will pass, three by three, through the same points. 

We may assume the equations of the three conies to be S — u^ = 0, 
iS — ©2 = 0, iS'— 10^ = (Art. 169). Their chords of intersection will be repre- 
sented by the equations 

t,2 _ ,1^ = 0, w2 - «2 = 0, «2 - t>2 = 0. 

Thus we have four groups of three equations each representing chords which 
meet in a point : viz. — 

V + tP = 0, w — u = 0, u + V = 0, 

o 
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V + w = 0, w + u — 0, « — t) = 0, 

V — w = 0, fo — « = 0, « — 'P==0. 

The student will observe that the above theorem includes that of Brianchon, 
of which an independent proof was given in Art. 271. 

72. In any triangle the bisector of any angle and the straight line which 
is perpendicular to the opposite side at its middle point, intersect on the 
circumference of the circumscribing circle. 

For the point of intersection of a — i3 = and sin^a — sin^iS + s\ii{A — B)y 
= 0, is given by the equations 

sinU - B) 



siaA — sinli 
whence we may easily shew that 

sin -4 sin 5 sin C 



$ 



= 0. 



73. Shew that if the tangents to a circumscribed ellipse at the vertices 
of the triangle of reference are parallel to the opposite sides the equation 
of the conic is 

^ + :^ + f^ = 0. 

a c 

74. The two pairs of tangents at the extremities of the diagonals of 
a quadrilateral inscribed in a conic, and the pairs of opposite sides intersect 
on the same straight line. 

This Theorem is easily deduced from that of Pascal which was proved in 
Art. 270. 

75. Shew that if a conic cut two sides of a triangle in points equidistant 
from their middle points it will cut the third side in the same way. 

Let the sides BC, CA of the triangle of reference be cut in this manner ; 
then if <^(a,j8,7) = be the equation of the conic, (a,,, j8o, 7o) the middle point 
of BC, and X, fi, v the direction-cosines of- that side, we shall have by equation 
(8) of Art. 13, since the roots are equal and of opposite sign 

d<b\ ^d<b\ [d<t> 

V + X7 ) '^ = 0, 



W ' " I 



^K '^ \dy. 
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which, since the value of Uq, fi^, yg are 0, - sin C, - sin B, and those of A, /t, v 

2 2 

are 0, — sin C, sin B, gives 

{BbitlC + D8inJ?)sinC- (DsinCi-t- esin^)sinJ? =0; 

that 18, T-^ - -:-277= 0- 

Similarly, since CA is cutin the same way, we have 

C ^ -0 

sin 2 C sin ^A 

These give also 

=r • 

sin ^A sin ^B * 

but this is the condition that the middle point of the side AB should be the 
bisection of the intercept on that side. 

76. If A + ^ + ^^OandA^^ + -^ = be the equations 
a j8 7 a fi y ^ 

of t\vo conies described about the triangle of reference, find the equations 
of the several lines joining the centre of the inscribed circle with the four 
points of intersection of the two conies. 

17, With the angular points of a triangle ABC as centres, and the sides 
as asymptotes, three hyperbolas are described, having P, Q, R for their 
respective vertices ; prove that if 

A . B . C 

AP sin -^ = BQ sin -5- = (7i2 sin -5-, 

the intersection of each pair of hyperbolas lies on the axis of the third. 

The given condition may evidently be stated otherwise ; thus, — the perpen- 
dicular distance of the vertex of each hyperbola from its asymptotes is the 
same. 

If we assume for the equations of the three curves fiy — P, ya = nr, 
ojB = n^, so that their axes are i3 — 7 = 0, 7 — a = 0, o — jS = ; the above 
condition gives Z = w = «. 
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The three equations are, therefore, 

70 = p, 

and, since the first may be written in the form 

70 - r^ - (a - j8) 7 = 

it is clear that it passes through the intersection of the second with the axis 
of the third. 



78. Find the polar reciprocal of the conic 

Z2a2 + ilP)82 + iV^ V = 
>vith respect to the conic 



/V + »/2i32 + n-y^ = 0. 



Ans. 



Z2 "^ jfs ■*■ 2V'2 



= 0. 



79. Find the polar reciprocal of the conic 

Aa- + B^^ + Cr + 2Z)j87 + 2Eya + 2Fafi = 



with respect to the conic 



a- + i32 + 72 = 0. 



Ans. 



0, a. i3, 7 
a. A, F, U 
fi, F, B, D 
7, F, D, C 



= 0. 



80. An equilateral hyperbola is described with regard to which a given 
triangle is self-conjugate. Shew that the curve passes through the centres 
of the inscribed and escribed circles of the triangle. 

The co-ordinates of the four centres (Art. 263) will satisfy the equation 



provided that 



Ld^ + JifiS- + ivy- = 



L + M + N = 0', 
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•but this (Art. 150) is the conditicn that the curve should be a rectangular 
hyperbola. 

81. Three circles mutually touching each other are described about the 
vertices of the triangle of reference. Shew that the three straight lines 
which join the centre of one circle to the point of contact of the other two 
meet in a point. 

Let X, y, z be the radii of the circles described about A, B, C, respectively. 
The point of contact of the circles about B and C is (0, «sinC, i/smB), and 
the equations of the three lines arc 

y sin Bfi — z sin Cy = 0, 

z sin Cy — X sin Aa = 0, 

X sin Aa — y sin B& = ; 

which vanish identically when added together. 

82. Supposing that o, /8, y are the perpendiculars from any point in the 
plane of the triangle ABC upon the straight lines which join its vertices to 
the centre of the inscribed circle, prove that 

O COS — + jS COS -5- + 7 COS -5- = 0. 



83. Shew that the radius of the nine-point circle of any triangle is one- 
half that of the circumscribed circle. 



84. The circle which passes through the extremities of any side of 
a triangle and through the centre of the inscribed circle, passes also 
through the centre of the circle escribed on that side ; and its centre lies 
on the circumference of the circumscribed circle. 

85. In any triangle the centres Ob, Oc, and the vertices B, C lie on the 
circumference of the same circle ; and the centre of this circle lies on the 
circumference of the circumscribed circle. 
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86. If Xf y, z be the distances of the centre of the nine-point circle from 
the vertices of the triangle of reference, its distance from the intersection 
of perpendiculars from the vertices, and R the radius of the circumscribed 
circle, shew that 

^^2 + / + ^2 _ I JK2 - /. 



THE END. 



^grmteb bg gj^ssrs. |}arh£r, Cornmarhtt, ^xforb. 
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save the time both' of Teacher and PuihI. 

It IS not intended that these Notes should be used or referred to 
during the lesson, but should be studied beforehand. For this 
purpose they are printed separately from the Texts, and placed 
at the end; or, in the case of the complete works, bound in 
a separate volume. 

It is hoped that this plan of issue, and the suggestive nature of 
the Notes, may obviate and answer many of the objections which 
have been raised to the employment of these aids generally. 



'* The Notes contain snffleient information, without affording the pnpil 
80 much assistance as to supersede all exertion on his part" — Athenteum, 

" Be all this as it may, it is a r^ benefit to public schoolboys to be able 
to parchase any.Oreek Play they want for One Shilling. When we were in- 
troduced to Greek Flays, about to^j years ago, we had put into our hands 
a portly 8yo. yolume, containing Person's four Plays, wi^out one word of 
English in the shape of notes ; and we have no doubt the book cost nearer 
twenty than ten shillings, and, after all, was nothing near so useful as these 
neat little copies at One Shilling t9ch,"—JSducational Times, 
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